Published by Institute of Physics Publishing for SISSA/ISAS Received: July 26, 2004 Revised: September 20, 2004 Accepted: September 21, 2004

Multiloop amplitudes and vanishing theorems using the pure spinor formalism for the superstring

Nathan Berkovits

Instituto de Física Teórica, Universidade Estadual Paulista Rua Pamplona 145, 01405-900, São Paulo, SP, Brasil E-mail: nberkovi@ift.unesp.br

Abstract: A ten-dimensional super-Poincaré covariant formalism for the superstring was recently developed which involves a BRST operator constructed from superspace matter variables and a pure spinor ghost variable. A super-Poincaré covariant prescription was defined for computing tree amplitudes and was shown to coincide with the standard RNS prescription.

In this paper, picture-changing operators are used to define functional integration over the pure spinor ghosts and and to construct a suitable b ghost. A super-Poincaré covariant prescription is then given for the computation of N-point multiloop amplitudes. One can easily prove that massless N-point multiloop amplitudes vanish for N < 4, confirming the perturbative finiteness of superstring theory. One can also prove the Type IIB S-duality conjecture that R^4 terms in the effective action receive no perturbative contributions above one loop.

Keywords: Superstrings and Heterotic Strings, BRST Symmetry, Extended Supersymmetry.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep092004047 /jhep092004047 .pdf

Contents

1. Introduction 1

2. Review of super-Poincaré covariant pure spinor formalism 5 2.1 Worldsheet action 5 2.2 Physical states 6 2.3 Tree-level prescription 8

3. Functional integration and picture-changing operators 11 3.1 Measure factor for pure spinor ghosts 11 3.2 Picture-changing operators 12 3.3 Functional integration computation of tree amplitude 15

4. Construction of b Ghost 16 4.1 Chain of operators 17 4.2 Construction of b_B 20

5. Multiloop amplitude prescription 22 5.1 Correlation function for matter variables 23 5.2 Correlation function for the pure spinor ghosts 25 5.3 Integral over pure spinor zero modes 26

6. Amplitude computations and vanishing theorems 28 6.1 Type IIB supergravity vertex operator 28 6.2 Non-renormalization theorem 30 6.3 Massless four-point one-loop amplitude 32 6.4 Absence of multiloop R^4 contributions 34

1. Introduction

The computation of multiloop amplitudes in superstring theory has many important applications such as verifying perturbative finiteness and testing duality conjectures. Nevertheless, this subject has received little attention over the last fifteen years, mainly because of difficulties in computing multiloop amplitudes using either the Ramond-Neveu-Schwarz (RNS) or Green-Schwarz (GS) formalism.

In the RNS formalism, spacetime supersymmetric amplitudes are obtained after summing over spin structures, which can be done explicitly only when the number of loops and external states is small [1]. Since there are divergences near the boundary of moduli space

– 1 – before summing over spin structures, surface terms in the amplitude expressions need to be treated with care [2]–[5]. Furthermore, the complicated nature of the Ramond vertex operator in the RNS formalism [6] makes it difficult to compute amplitudes involving external fermions or Ramond-Ramond bosons. For these reasons, up to now, explicit multiloop computations in the RNS formalism have been limited to four-point two-loop amplitudes involving external Neveu-Schwarz bosons [7, 5].^1

In the GS formalism, spacetime supersymmetry is manifest but one needs to fix lightcone gauge and introduce non-covariant operators at the interaction points of the Mandelstam string diagram [9]–[11]. Because of complications caused by these non-covariant interaction point operators [12], explicit amplitude expressions have been computed using the light-cone GS formalism only for four-point tree and one-loop amplitudes [9].^2 Four years ago, a new formalism for the superstring was proposed [14, 15] with manifest ten-dimensional super-Poincaré covariance. In conformal gauge, the worldsheet action is quadratic and physical states are defined using a BRST operator constructed from superspace matter variables and a pure spinor ghost variable. A super-Poincaré covariant prescription was given for computing N-point tree amplitudes, which was later shown to coincide with the standard RNS prescription [16, 17]. It was also proven that the BRST cohomology reproduces the correct superstring spectrum [18] and that BRST invariance in a curved supergravity background implies the low-energy superspace equations of motion for the background superfields [19, 20].

Because of the pure spinor constraint satisfied by the worldsheet ghosts, it was not known how to define functional integration in this formalism. For this reason, the tree amplitude prescription in [14] relied on BRST cohomology for defining the correct normalization of the worldsheet zero modes. Furthermore, there was no natural b ghost in this formalism, which made it difficult to define amplitudes in a worldsheet reparameterizationinvariant manner. Because of these complications, it was not clear how to compute loop amplitudes using this formalism and other groups looked for ways of relaxing the pure spinor constraint without modifying the BRST cohomology [21]–[24].

In this paper, it will be shown how to perform functional integration over the pure spinor ghosts^3 by defining a Lorentz-invariant measure and introducing appropriate “picture-changing” operators.^4 These picture-changing operators will then be used to construct

1Danilov [8] has claimed to be able to compute RNS amplitudes for arbitrary genus, however, this author has been unable to understand his methods.

2Although multiloop GS expressions were obtained by Restuccia and Taylor in [13], this author does not think that they correctly took into account the contact terms between interaction-point operators. Note that the N-point tree amplitudes proposed by Mandelstam in [11] were derived using unitarity arguments and were not directly computed from the GS formalism.

3Some features of this functional integration method will appear in a separate paper with Sergei Cherkov [25].

4Using the pure spinor version of the superparticle, Chesterman has recently considered superparticle states with non-standard boundary conditions for the pure spinor ghosts [23, 24]. In independent work which appeared last month [24], Chesterman showed that these states are related to standard superparticle states by an operator ψ−11 which plays the role of the picture-lowering operator described in this paper.

Also, in independent work [26] which was announced after a seminar on this paper, Grassi, Policastro and

– 2 – a substitute for the b ghost in a non-zero picture. With these ingredients, it is straightforward to generalize the tree amplitude prescription of [14] to a super-Poincaré covariant prescription for N-point g-loop amplitudes. So there is no need to relax the pure spinor constraint for the covariant computation of superstring amplitudes.

The need for picture-changing operators^5 in this formalism is not surprising since, like the bosonic (β, γ) ghosts in the RNS formalism [6], the pure spinor ghosts are chiral bosons with worldsheet zero modes. For g-loop amplitudes, the use of standard “picturezero” vertex operators implies that one needs to insert 11 “picture-lowering” operators and 11g “picture-raising” operators to absorb the zero modes of the 11 pure spinor ghosts. As in the RNS formalism, the worldsheet derivatives of these picture-changing operators are BRST trivial so, up to possible surface terms, the amplitudes are independent of their locations on the worldsheet. But unlike the RNS formalism, there is no need to sum over spin structures, so there are no divergences at the boundary of moduli space and surface terms can be safely ignored in the loop amplitude computations.

Although the explicit computation of arbitrary loop amplitudes is complicated, one can easily prove certain vanishing theorems by counting zero modes of the fermionic superspace variables. For example, S-duality of the Type IIB superstring implies that R^4 terms in the low-energy effective action receive no perturbative corections above one-loop [29]. After much effort, this was recently verified in the RNS formalism at two-loops [7, 5]. Using the formalism described here, this S-duality conjecture can be easily verified for all loops.

Similarly, one can easily prove the non-renormalization theorem that massless Npoint multiloop amplitudes vanish whenever N < 4. Assuming factorization, this nonrenormalization theorem implies the absence of divergences near the boundary of moduli space [4, 30]. The boundary of moduli space includes two types of degenerate surfaces: surfaces where the radius R of a handle shrinks to zero, and surfaces which split into two worldsheets connected by a thin tube. As explained in [4], the first type of degenerate surface does not lead to divergent amplitudes since, after including the log(R) dependence coming from integration over the loop momenta, the amplitude integrand diverges slower than 1/R. The second type of degenerate surface can lead to a divergent amplitude if there is an onshell state propagating along the thin tube between the two worldsheets. But when all external states are on one of the two worldsheets, vanishing of the one-point function implies the absence of this divergence. And when all but one of the external states are on one of the two worldsheets, vanishing of the two-point function implies the absence of this divergence. Finally, when there are at least two external states on each

van Nieuwenhuizen used functional integration to define the measure factor in their quantization approach without pure spinors. It would be interesting to relate their functional integration method with the method described here.

5One can also use picture-changing operators to construct a cubic pure spinor version of open superstring field theory. However, as in the cubic RNS version of open superstring field theory [27], the action is expected to have gauge-invariance anomalies due to picture-changing operators at the string midpoint [28]. It should be stressed that these anomalies in cubic superstring field theory are caused by the use of picture-changing operators in the presence of off-shell states and do not imply surface-term ambiguities in on-shell multiloop amplitudes.

– 3 – of the two worldsheets, the divergence can be removed by analytic continuation of the external momenta [4]. Note that vanishing of the three-point function is not required for finiteness.

So if there are no unphysical divergences in the interior of moduli space,^6 this nonrenormalization theorem implies that superstring multiloop amplitudes are perturbatively finite. Previous attempts to prove this non-renormalization theorem using the RNS formalism [30] were unsuccessful because they ignored unphysical poles of the spacetime supersymmetry currents [2] and incorrectly assumed that the integrand of the scattering amplitude was spacetime supersymmetric. Using the GS formalism, there are arguments for the non-renormalization theorem [32], however, these arguments do not rule out the possibility of unphysical divergences in the interior of moduli space from contact term singularities between light-cone interaction point operators [12]. Mandelstam was able to overcome this obstacle and prove finiteness [31] by combining different features of the RNS and GS formalisms. However, the finiteness proof here is more direct than the proof of [31] since it is derived from a single formalism.

In section 2 of this paper, the super-Poincaré invariant pure spinor formalism of [14] is reviewed. The subsection 2.1 reviews the worldsheet action for the Green-Schwarz-Siegel matter variables and the OPE’s for the pure spinor ghosts. The subsection 2.2 reviews the BRST operator and shows how physical states are described by the BRST cohomology. The subsection 2.3 reviews the computation of tree amplitudes using a measure factor determined by cohomology arguments.

In section 3, functional integration over the pure spinor ghosts is defined with the help of picture-changing operators. The subsection 3.1 shows how to define Lorentz-invariant measure factors for integration over the pure spinor ghosts and their conjugate momenta. The subsection 3.2 introduces picture-raising and picture-lowering operators which are necessary for functional integration over the bosonic ghosts. The subsection 3.3 shows that by inserting picture-lowering operators, the tree amplitudes of section 2 can be computed using standard functional integration techniques.

In section 4, a composite b ghost is defined by requiring that the BRST variation of the b ghost is a picture-raised version of the stress tensor. The subsection 4.1 introduces a chain of operators of +2 conformal weight which are useful for explicitly constructing the b ghost. The subsection 4.2 shows how the various terms in the composite b ghost can be expressed in terms of these operators.

In section 5, a super-Poincaré covariant prescription is given for N-point g-loop amplitudes. The partition function for the matter and ghost variables precisely cancel in this prescription, so one only needs to compute correlation functions. The subsections 5.1 and 5.2 show how to compute correlation functions for the matter and ghost variables by separating off the zero modes and using the free-field OPE’s to functionally integrate over

6In light-cone gauge, unphysical divergences in the interior of moduli space could come from singularities between colliding interaction points [12, 31]. In conformal gauge, there are no obvious potential sources for these unphysical divergences in the interior of moduli space since the amplitudes are independent (up to surface terms) of the locations of picture-changing operators.

– 4 – the non-zero modes. The subsection 5.3 shows how to integrate over the zero modes using the measure factor defined in section 3 for the pure spinor ghosts and their conjugate momenta.

Finally, in section 6, the four-point one-loop amplitude is computed and certain vanishing theorems are proven using the multiloop prescription. In the subsection 6.1, the structure of Type II massless vertex operators is reviewed. In the subsection 6.2, the nonrenormalization theorem for less than four massless states is proven by zero-mode counting. In the subsection 6.3, the four-point massless one-loop amplitude is explicitly computed up to an overall constant. And in the subsection 6.4, it is proven by zero-mode counting that the R^4 term in the low-energy effective action does not receive perturbative corrections above one loop.

2. Review of super-Poincaré covariant pure spinor formalism

2.1 Worldsheet action The worldsheet variables in the Type IIB version of this formalism include the Green- Schwarz-Siegel [33, 34] matter variables (x^m, θ^α, p_α; θ^α, p_α) for m = 0 to 9 and α = 1 to 16, and the pure spinor ghost variables (λ^α, w_α; λ^α, w_α) where λ^α and λ^α are constrained to satisfy the pure spinor conditions

λ^α(γ^m)_{αβ} λ^β = 0, λ^α(γ^m)_{αβ}λ^β = 0 (2.1)

for m = 0 to 9. (γ^m)_{αβ} and (γ^m)^{αβ} are 16 × 16 symmetric matrices which are the offdiagonal blocks of the 32 × 32 ten-dimensional Γ-matrices and satisfy (γ^{(m})_{αβ} (γ^{n)})^{βγ} = 2η^{mn}δ^γ_α. For the Type IIA version of the formalism, the chirality of the spinor indices on the right-moving variables is reversed, and for the heterotic version, the right-moving variables are the same as in the RNS formalism.

In conformal gauge, the worldsheet action is S = ∫ d^2z [ − 1 2 ∂x^m∂x_m − p_α∂θ^α − p_α∂θ^α + w_α∂λ^α + w_α∂λ^α ] , (2.2)

where λ^α and λ^α satisfy (2.1). The OPE’s for the matter variables are easily computed to be x^m(y)x^n(z) → −η^{mn} log |y − z|^2 , p_α(y)θ^β(z) → (y − z)^{−1}δ^β_α , (2.3) however, the pure spinor constraint on λ^α prevents a direct computation of its OPE’s with w_α. As discussed in [14], one can solve the pure spinor constraint and express λ^α in terms of eleven unconstrained free fields which manifestly preserve a U(5) subgroup of the (Wick-rotated) Lorentz group. Although the OPE’s of the unconstrained variables are not manifestly Lorentz-covariant, all OPE computations involving λ^α can be expressed in a manifestly Lorentz-covariant manner. So the non-covariant unconstrained description of pure spinors is useful only for verifying certain coefficients in the Lorentz-covariant OPE’s.

Because of the pure spinor constraint on λ^α, the worldsheet variables w_α contain the gauge invariance δw_α = Λ^m(γ_mλ)_α , (2.4)

– 5 – so 5 of the 16 components of w_α can be gauged away. To preserve this gauge invariance, w_α can only appear in the gauge-invariant combinations N_{mn} = 1 2 w_α(γ_{mn})^α_βλ^β , J = w_αλ^α , (2.5)

which are the Lorentz currents and ghost current. As shown in [17] and [18] using either the U(5) or SO(8) unconstrained descriptions of pure spinors,^7 N_{mn} and J satisfy the Lorentz-covariant OPE’s N_{mn}(y)λ^α(z) → 1 2 (y − z)^{−1}(γ_{mn}λ)^α , J(y)λ^α(z) → (y − z)^{−1}λ^α , (2.6)

N^{kl}(y)N^{mn}(z) → −3(y − z)^{−2}(η^{n[k}η^{l]m}) + (y − z)^{−1}(η^{m[l}N^{k]n} − η^{n[l}N^{k]m}) , (2.7) J(y)J(z) → −4(y − z)^{−2} , J(y)N^{mn}(z) → regular , (2.8) N_{mn}(y)T (z) → (y − z)^{−2}N_{mn}(z) , J(y)T (z) → −8(y − z)^{−3} + (y − z)^{−2}J(z) , (2.9) where T = − 1 2 ∂x^m∂x_m − p_α∂θ^α + w_α∂λ^α (2.10)

is the left-moving stress tensor. From the OPE’s of (2.6), one sees that the pure spinor condition implies that the levels for the Lorentz and ghost currents are −3 and −4, and that the ghost-number anomaly is −8. Note that the total Lorentz current M^{mn} = −^1_2 (pγ^{mn}θ)+ N^{mn} has level k = 4 − 3 = 1, which coincides with the level of the RNS Lorentz current M^{mn} = ψ^mψ^n. The ghost-number anomaly of −8 will be related in section 3 to the pure spinor measure factor.

The stress tensor of (2.10) has no central charge since the (+10−32) contribution from the (x^m, θ^α, p_α) variables is cancelled by the +22 contribution from the eleven independent (λ^α, w_α) variables. From its OPE’s with N_{mn} and J, one learns that the stress tensor can be expressed in Sugawara form as^8 T = − 1 2 ∂x^m∂x_m − p_α∂θ^α + 1 10 : N^{mn}N_{mn} : − 1 8 : JJ : +∂J , (2.11)

where the level −3 SO(9, 1) current algebra contributes −27 to the central charge and the ghost current J contributes +49.

2.2 Physical states Physical open string states in this formalism are defined as super-Poincaré covariant states of ghost-number +1 in the cohomology of the nilpotent BRST-like operator Q = ∮ λ^αd_α , (2.12)

where d_α = p_α − 1 2 γ^m_{αβ} θ^β∂x_m − 1 8 γ^m_{αβ} γ_{m γδ}θ^βθ^γ ∂θ^δ (2.13)

7In reference [18] for the SO(8) description, the ghost current J was not discussed. In terms of the SO(8)- covariant variables of [18], J = −2bc + s^ar^a − 2 ∑_∞ n=0[nv^j_{(n)}w^j_{(n)} + (n +^1_2 )t^ȧ_{(n)}u^ȧ_{(n)}]. Using the summation method described in [18], it is straightforward to check that J satisfies the OPE’s described here.

8There is a typo in the sign of the ∂J term in references [17] and [15].

– 6 – is the supersymmetric Green-Schwarz constraint. As shown by Siegel [34], d_α satisfies the OPE’s

d_α(y)d_β (z) → −(y − z)^{−1}γ^m_{αβ} Π_m , d_α(y)Π^m(z) → (y − z)^{−1}γ^m_{αβ}∂θ^β(z) , (2.14) d_α(y)∂θ^β(z) → (y − z)^{−2}δ^β_α , Π^m(y)Π^n(z) → −(y − z)^{−2}η^{mn} , (2.15)

where Π^m = ∂x^m +^1_2 θγ^m∂θ is the supersymmetric momentum and

q_α = ∮ (p_α + 1 2 γ^m_{αβ} θ^β∂x_m + 1 24 γ^m_{αβ} γ_{m γδ}θ^βθ^γ ∂θ^δ) (2.16)

is the supersymmetric generator satisfying {q_α, q_β } = γ^m_{αβ} ∮ ∂x_m , [q_α, Π^m(z)] = 0, {q_α, d_β (z)} = 0 . (2.17)

To compute the massless spectrum of the open superstring,^9 note that the most general vertex operator with zero conformal weight at zero momentum and +1 ghost-number is

V = λ^αA_α(x, θ) , (2.18)

where A_α(x, θ) is a spinor superfield depending only on the worldsheet zero modes of x^m and θ^α. Using the OPE that d_α(y) f(x(z), θ(z)) → (y − z)^{−1}D_αf where

D_α = ∂ ∂θ^α + 1 2 θ^βγ^m_{αβ} ∂_m (2.19)

is the supersymmetric derivative, one can easily check that QV = 0 and δV = QΛ implies that A_α(x, θ) must satisfy λ^αλ^βD_αA_β = 0 with the gauge invariance δA_α = D_αΛ. But λ^αλ^βD_αA_β = 0 implies that

D_αA_β + D_β A_α = γ^m_{αβ} A_m (2.20)

for some vector superfield A_m with the gauge transformations

δA_α = D_αΛ, δA_m = ∂_mΛ . (2.21)

In components, one can use (2.20) and (2.21) to gauge A_α and A_m to the form A_α(x, θ) = e^{ik·x} ( 1 2 a_m(γ^mθ)_α − 1 3 (ξγ_mθ)(γ^mθ)_α + · · · ) , (2.22)

A_m(x, θ) = e^{ik·x}(a_m + (ξγ^mθ) + · · ·) , (2.23)

where k^2 = k^ma_m = k^m(γ_mξ)_α = 0, and . . . involves products of k_m with a_m or ξ^α. So (2.20) and (2.21) are the equations of motion and gauge invariances of the ten-dimensio-nal super-Maxwell multiplet, and the cohomology at ghost-number +1 of Q correctly describes the massless spectrum of the open superstring [35].

9Massless vertex operators for the closed superstring will be reviewed in subsection 6.1.

– 7 –

To compute the massive spectrum, one needs to consider the cohomology of vertex operators which have non-zero conformal weight at zero momentum. This was done with Chandia in [36] for the massive spin-two multiplet and gave for the first time its equations of motion in ten-dimensional superspace. To prove that the cohomology of Q reproduces the superstring spectrum at arbitrary mass level, the SO(8)-covariant description was used in [18] to solve the pure spinor constraint, and the resulting BRST cohomology was shown to be equivalent to the light-cone GS spectrum.

In addition to describing the spacetime fields at ghost-number +1, the cohomology of Q can also be used to describe the spacetime ghosts at ghost-number zero, the spacetime antifields at ghost-number +2, and the spacetime antighosts at ghost-number +3 [37, 38]. For example, the super-Yang-Mills ghost at ghost-number zero is described by the vertex operator V = Λ, the super-Yang-Mills antifields at ghost-number two are described by the vertex operator V = λ^αλ^βA^∗_{αβ}(x, θ), and the Yang-Mills antighost at ghost-number three is described by the vertex operator V = (λγ^mθ)(λγ^nθ)(λγ^pθ)(θγ_{mnp}θ). As was shown in [38], the conditions QV = 0 and δV = QΛ imply the correct equations of motion and gauge invariances for these ghosts, antifields and antighosts.

2.3 Tree-level prescription As in the bosonic string, the prescription for N-point open string tree amplitudes in this formalism requires three dimension-zero vertex operators V and N −3 dimension-one vertex operators U which are integrated over the real line. Normally, one defines the dimensionone vertex operators by U(z) = { ∮ b, V (z)} where b(z) is the dimension-two field satisfying {Q, b(z)} = T (z). Since QV = 0 and [ ∮ T, V (z)] = ∂V (z), this relation implies that QU = ∂V . In this formalism of the superstring, there are no states of negative ghost number since the variable w_α can only appear through the ghost-number zero operators N_{mn} and J. So one cannot construct a b ghost satisfying {Q, b} = T . Nevertheless, since there is no BRST cohomology for unintegrated dimension-one operators, one is guaranteed that QV = 0 implies that ∂V can be written as QU for some U. For example, for the super-Maxwell vertex operator V = λ^αA_α, one can check that

U = ∂θ^αA_α(x, θ) + Π^mA_m(x, θ) + d_αW^α(x, θ) + 1 2 N^{mn}F_{mn}(x, θ) (2.24)

satisfies QU = ∂(λ^αA_α) where A_m =^1_8 D_αγ^{αβ}_m A_β is the vector gauge superfield, W^β = 1 10 γ^{αβ}_m (D_αA^m − ∂^mA_α) is the spinor superfield strength, and F_{mn} =^1_8 D_α(γ_{mn})^α_βW^β = ∂_{[m}A_{n]} is the vector superfield strength.

In reference [14], open string tree amplitudes were defined by the correlation function

A = ⟨ V_1(z_1) V_2(z_2) V_3(z_3) ∫ dz_4U_4(z_4) · · · ∫ dz_N U_N (z_N ) ⟩ . (2.25)

To compute this correlation function, the OPE’s of (2.6) and (2.14) were used to perform the functional integration over the non-zero modes of the worldsheet variables. Since N_{mn}, J and d_α are fields of +1 conformal weight with no zero modes on a sphere, the dependence of the correlation function on their locations is completely determined by

– 8 – the singularities in their OPE’s. For example, the OPE’s of d_α(z) imply that^{10} ⟨d_α(z)Π^m(u)∂θ^β (v)d_γ (w)A_δ (x(y), θ(y))⟩ = = γ^m_{αρ}(z − u)^{−1}⟨∂θ^ρ(u)∂θ^β (v)d_γ (w)A_δ (x(y), θ(y))⟩ + + δ^β_α(z − v)^{−2}⟨Π^m(u)d_γ (w)A_δ (x(y), θ(y))⟩ + + γ^n_{αγ} (z − w)^{−1}⟨Π^m(u)∂θ^β(v)Π^n(w)A_δ (x(y), θ(y))⟩ + + (z − y)^{−1}⟨Π^m(u)∂θ^β (v)d_γ (w)D_αA_δ(x(y), θ(y))⟩ . (2.26) And the OPE’s of N_{mn}(z) imply that ⟨N_{mn}(z)N_{pq}(u)λ^α(v)λ^β (w)λ^γ (y)⟩ = = (z − u)^{−1}⟨(η_{p[n}N_{m]q}(u) − η_{q[n}N_{m]p}(u))λ^α(v)λ^β (w)λ^γ (y)⟩ − − 3(z − u)^{−2}η_{q[m}η_{n]p}⟨λ^α(v)λ^β (w)λ^γ (y)⟩ + + 1 2 (z − v)^{−1}⟨N_{pq}(u)(γ_{mn}λ(v))^αλ^β(w)λ^γ (y)⟩ + + 1 2 (z − w)^{−1}⟨N_{pq}(u)λ^α(v)(γ_{mn}λ(w))^β λ^γ (y)⟩ + + 1 2 (z − y)^{−1}⟨N_{pq}(u)λ^α(v)λ^β (w)(γ_{mn}λ(y))^γ ⟩ . (2.27)

After using their OPE’s to remove all N_{mn}’s, J’s and d_α’s from the correlation function, one can replace all remaining λ^α and θ^α variables by their zero modes. But since it was not known how to perform the functional integration over the remaining zero modes of the worldsheet scalars λ^α and θ^α, an ansatz had to be used for deciding which zero modes of λ^α and θ^α need to be present for non-vanishing amplitudes.

For tree amplitudes in bosonic string theory, the zero-mode prescription coming from functional integration is ⟨c∂c∂^2c⟩ = 1 , (2.28) where c is the worldsheet ghost of dimension −1. Since c∂c∂^2c is the vertex operator of +3 ghost-number for the Yang-Mills antighost [37], it is natural to use the ansatz that nonvanishing correlation functions in this formalism must also be proportional to the vertex operator for the Yang-Mills antighost. As discussed in the previous subsection, this vertex operator in the pure spinor formalism is V = (λγ^mθ)(λγ^nθ)(λγ^pθ)(θγ_{mnp}θ) , (2.29) which is the unique state in the BRST cohomology at +3 ghost-number. So the zero mode prescription for tree amplitudes in the pure spinor formalism is ⟨(λγ^mθ)(λγ^nθ)(λγ^pθ)(θγ_{mnp}θ)⟩ = 1 . (2.30) For later use, it will be convenient to write (2.29) as V = T_{((α1 α2α3))[δ1δ2δ3δ4δ5]}λ^{α1} λ^{α2} λ^{α3} θ^{δ1} θ^{δ2} θ^{δ3} θ^{δ4} θ^{δ5} , (2.31)

10To keep supersymmetry manifest, it is convenient to use the OPE’s of (2.14) for dα instead of using the free-field OPE’s of (2.3) for pα.

– 9 – where T_{((α1α2α3))[δ1δ2δ3δ4δ5]} (2.32) is a constant Lorentz-invariant tensor and the notation ((α_1α_2α_3))[δ_1δ_2δ_3δ_4δ_5] signifies that the tensor is symmetric and γ-matrix traceless (i.e. γ^{α1α2}_m T_{((α1α2α3))[δ1...δ5]} = 0) in the first three indices, and antisymmetric in the last five indices. This tensor is uniquely defined up to rescaling and can be computed by starting with γ^m_{α1δ1} γ^n_{α2δ2} γ^p_{α3δ3} (γ_{mnp})_{δ4δ5} , then symmetrizing in the α indices, antisymmetrizing in the δ indices, and subtracting off the γ-matrix trace in the α indices. Similarly, one can define the tensor (T^{−1})^{((α1 α2α3))[δ1δ2δ3δ4δ5]} (2.33) by starting with (γ^m)^{α1δ1} (γ^n)^{α2δ2} (γ^p)^{α3δ3} (γ_{mnp})^{δ4δ5} and following the same procedure.

Using the properties of spinors in ten dimensions, it will be possible to prove various identities satisfied by T_{((α1α2α3))[δ1δ2δ3δ4δ5]}. For example, there are no Lorentz scalars which can be constructed out of four λ’s and four θ’s, which implies that δ^{δ5}_{((α1} T_{α2α3α4))[δ1δ2δ3δ4δ5]} = 0 (2.34) and that T_{((α1 α2α3))[δ1 δ2δ3δ4δ5]} ≠ S_{((α1 α2α3α4))[δ1δ2δ3δ4} δ^{α4}_{δ5 ]} (2.35) for any tensor S_{((α1 α2α3α4))[δ1 δ2δ3δ4]}. Furthermore, there are no Lorentz scalars which can be constructed out of two λ’s and six θ’s, which implies that T_{((α1α2α3))[δ1 δ2δ3δ4δ5} δ^{α3}_{δ6]} = 0 (2.36) and that T_{((α1 α2α3))[δ1 δ2δ3δ4δ5]} ≠ δ^{δ6}_{((α1} S_{α2α3))[δ1 δ2δ3δ4δ5δ6]} (2.37) for any tensor S_{((α2 α3))[δ1δ2δ3δ4δ5δ6]}. Finally, one can check that (λγ^qθ)(λγ^mθ)(λγ^nθ)(λγ^pθ)(θγ_{mnp}θ) = 0 for any q, which implies that δ^κ_{((α1} T_{α2α3α4))[δ1δ2δ3δ4δ5} γ^q_{δ6]κ} = 0 . (2.38) Using (2.30), the zero-mode prescription for tree amplitudes is ⟨T_{((α1 α2α3))[δ1...δ5]}λ^{α1} λ^{α2} λ^{α3} θ^{δ1} . . . θ^{δ5} ⟩ = 1 .

In other words, suppose that A = ⟨λ^αλ^βλ^γ f_{αβγ} (θ)⟩ is the expression one gets after integrating out the non-zero modes, where f_{αβγ} is some complicated function of the polarizations and momenta of the external states. Then the scattering amplitude is defined as A = (T^{−1})^{((αβγ))[δ1 ...δ5]} ∂ ∂θ^{δ1} . . . ∂ ∂θ^{δ5} f_{αβγ} (θ) . (2.39)

Using this prescription and the identities of (2.34)–(2.38), it was shown in [14] that on-shell tree amplitudes are gauge-invariant and supersymmetric. And it was shown in [16] and [17] that this tree amplitude prescription agrees with the standard RNS prescription. However, it was unclear how to generalize this prescription to loop amplitudes since it was not derived from functional integration. In the next section, it will be shown how to use picture-changing operators to resolve this problem.

– 10 –

3. Functional integration and picture-changing operators

As reviewed in section 2.1, the gauge invariance of (2.4) implies that pure spinor ghosts can only appear through the operators λ^α, N_{mn} and J. Correlation functions for the non-zero modes of these operators are easily computed using the OPE’s of (2.6). However, after integrating out the non-zero worldsheet modes, one still has to functionally integrate over the worldsheet zero modes. Because λ^α has zero conformal weight and satisfies the pure spinor constraint λγ^mλ = 0 , (3.1) λ^α has 11 independent zero modes on a genus g surface. And because N_{mn} and J have +1 conformal weight and are defined from gauge-invariant combinations of w_α, they have 11g independent zero modes on a genus g surface. Note that (3.1) implies that N_{mn} = 1 2 (wγ_{mn}λ) and J = wλ are related by the equation [36] : N^{mn}λ^α : γ_{mαβ} − 1 2 : Jλ^α : γ^n_{αβ} = 2γ^n_{αβ} ∂λ^α , (3.2)

where the normal-ordered product is defined by : U^A(z)λ^α(z) := ∮ dy(y − z)^{−1}U^A(y)λ^α(z). (The coefficient of the ∂λ^α term is determined by computing the double pole of the lefthand side of (3.2) with J.) Just as (3.1) implies that all 16 components of λ^α can be expressed in terms of 11 components, equation (3.2) implies that all 45 components of N^{mn} can be expressed in terms of J and ten components of N^{mn}.

Because of the constraints of (3.1) and (3.2), it is not immediately obvious how to functionally integrate over the pure spinor ghosts. However, as will be shown in the following subsection, there is a natural Lorentz-invariant measure factor for the pure spinor ghosts which can be used to define functional integration.

3.1 Measure factor for pure spinor ghosts A Lorentz-invariant measure factor for the λ^α zero modes can be obtained by noting that

(d^{11}λ)^{[α1α2...α11 ]} ≡ dλ^{α1} ∧ dλ^{α2} ∧ · · · ∧ dλ^{α11} (3.3)

satisfies the identity λ^βγ^m_{α1β}(d^{11}λ)^{[α1α2...α11]} = 0 (3.4) because λγ^mdλ = 0. Using the properties of pure spinors, this implies that all^{16!}_{5!11!} components of (d^{11}λ)^{[α1...α11]} are related to each other by a Lorentz-invariant measure factor [Dλ] of +8 ghost number which is defined by

(d^{11}λ)^{[α1...α11]} = [Dλ] (ϵT )^{[α1...α11]}_{((β1 β2β3))}λ^{β1} λ^{β2} λ^{β3} , (3.5)

where (ϵT )^{[α1...α11 ]} ((β_1β_2β_3)) = ϵ α_1...α_{16} T ((β_1β_2β_3))[α_{12} ...α_{16}]

and (3.4) is implied by (3.5) using the identity of (2.38). In other words, for any choice of [α_1 . . . α_{11}], one can define the Lorentz-invariant measure [Dλ] by the formula

[Dλ] = (d^{11}λ)^{[α1...α11 ]} [(ϵT )^{[α1...α11 ]}_{((β1β2β3))}λ^{β1} λ^{β2} λ^{β3} ]^{−1} , (3.6)

where there is no sum over [α_1 . . . α_{11}] in (3.6).

– 11 –

One can similarly construct a Lorentz-invariant measure factor for the N^{mn} and J zero modes from

(d^{11}N)^{[[m1n1][m2n2]...[m10n10]]} ≡ dN^{[m1n1]} ∧ dN^{[m2n2]} ∧ · · · ∧ dN^{[m10 n10]} ∧ dJ . (3.7)

Using the constraint of (3.2) and keeping λ^α fixed while varying N^{mn} and J, one finds that (3.7) satisfies the identity

(λγ_{m1} )_α(d^{11}N)^{[[m1n1][m2n2]...[m10n10]]} = 0 . (3.8)

Using the properties of pure spinors, this implies that all^{45!}_{10!35!} components of

(d^{11}N)^{[[m1n1][m2n2]...[m10n10]]}

are related to each other by a Lorentz-invariant measure factor [DN] of −8 ghost number which is defined by

(d^{11}N)^{[[m1n1][m2n2]...[m10n10]]} = [DN]((λγ^{m1 n1m2m3m4} λ)(λγ^{m5 n5n2m6m7} λ) × × (λγ^{m8 n8n3n6m9} λ)(λγ^{m10 n10n4n7n9} λ) + + permutations) , (3.9)

where the permutations are antisymmetric under the exchange of m_j with n_j, and also antisymmetric under the exchange of [m_j n_j] with [m_kn_k]. Note that the index structure on the right-hand side of (3.9) has been chosen such the expression is non-vanishing after summing over the permutations.

After using the OPE’s of (2.6) to integrate out the non-zero modes of the pure spinor ghosts on a genus g surface, one will obtain an expression

A = ⟨f(λ, N_1, J_1, N_2, J_2, . . . , N_g, J_g)⟩ (3.10)

which only depends on the 11 worldsheet zero modes of λ, and on the 11g worldsheet zero modes of N and J. Using the Lorentz-invariant measure factors defined in (3.5) and (3.9), the natural definition for functional integration over these zero modes is A = ∫ [Dλ][DN_1][DN_2] . . . [DN_g]f(λ, N_1, J_1, N_2, J_2, . . . , N_g, J_g) . (3.11)

Note that with this definition, f(λ, N_1, J_1, N_2, J_2, . . . , N_g, J_g) must carry ghost number −8+8g to give a non-vanishing functional integral, which agrees with the −8 ghost-number anomaly in the OPE of J with T . It will now be shown how the functional integral of (3.11) can be explicitly computed with the help of picture-changing operators.

3.2 Picture-changing operators

As is well-known from the work of Friedan-Martinec-Shenker [6] and Verlinde-Verlinde [2, 3], picture-changing operators are necessary in the RNS formalism because of the bosonic (β, γ) ghosts. Since the picture-raising and picture-lowering operators involve the delta functions δ(β) and δ(γ), insertion of these operators in loop amplitudes are needed to

– 12 – absorb the zero modes of the (β, γ) ghosts on a genus g surface.^{11} Up to possible surface terms, the amplitudes are independent of the worldsheet positions of these operators since the worldsheet derivatives of the picture-changing operators are BRST-trivial. The surface terms come from pulling the BRST operator through the b ghosts to give total derivatives in the worldsheet moduli. If the correlation function diverges near the boundary of moduli space, these surface terms can give finite contributions which need to be treated carefully. As will now be shown, functional integration over the bosonic ghosts in the pure spinor formalism also requires picture-changing operators with similar properties to those of the RNS formalism. However, since the correlation functions in this formalism do not diverge near the boundary of moduli space, there are no subtleties due to surface terms.

To absorb the zero modes of λ^α, N_{mn} and J, picture-changing operators in the pure spinor formalism will involve the delta-functions δ(C_αλ^α), δ(B_{mn}N^{mn}) and δ(J) where C_α and B_{mn} are constant spinors and antisymmetric tensors. Although these constant spinors and tensors are needed for the construction of picture-changing operators, it will be shown that scattering amplitudes are independent of the choice of C_α and B_{mn}, so Lorentz invariance is preserved. As will be discussed later, this Lorentz invariance can be made manifest by integrating over all choices of C_α and B_{mn}. Note that the use of constant spinors and tensors in picture-changing operators is unrelated to the pure spinor constraint, and is necessary whenever the bosonic ghosts are not Lorentz scalars.

As in the RNS formalism, the picture-changing operators will be BRST-invariant with the property that their worldsheet derivative is BRST-trivial. A “picture-lowering” operator Y_C with these properties is

Y_C = C_αθ^αδ(C_β λ^β) , (3.12)

where C_α is any constant spinor. Note that QY_C = (C_αλ^α)δ(C_β λ^β ) = 0 and ∂Y_C = (C∂θ)δ(Cλ) + (Cθ)(C∂λ)∂δ(Cλ) = Q[(C∂θ)(Cθ)∂δ(Cλ)] , (3.13) where ∂δ(x) ≡^∂_{∂x} δ(x) is defined using the usual rules for derivatives of delta functions, e.g. x∂δ(x) = −δ(x).^{12}

Although Y_C is not spacetime-supersymmetric, its supersymmetry variation is BRSTtrivial since q_αY_C = C_αδ(Cλ) = −C_α(Cλ)∂δ(Cλ) = Q[−C_α(Cθ)∂δ(Cλ)] . (3.14) 11In the RNS formalism, it is convenient to bosonize the (β, γ) ghosts as β = ∂ξe^{−ϕ} and γ = ηe^ϕ since the spacetime supersymmetry generator involves a spin field constructed for the chiral boson ϕ. The delta functions δ(β) and δ(γ) can then be expressed in terms of ϕ as δ(β) = e^ϕ and δ(γ) = e^{−ϕ}. However, in the pure spinor formalism, there is no advantage to performing such a bosonization since all operators can be expressed directly in terms of λ^α, N^{mn} and J. Since functional integration over the ϕ chiral boson can give rise to unphysical poles in the correlation functions, the fact that all operators in the pure spinor formalism can be expressed in terms of (λ^α, N^{mn} , J) implies that there are no unphysical poles in pure spinor correlation functions.

12Throughout this paper, the symbol ∂ will denote the worldsheet derivative^∂_{∂z} except when ∂ acts on a delta function. When acting on a delta function, ∂δ(x) will denote^∂_{∂x} δ(x).

– 13 –

Similarly, Y_C is not Lorentz invariant, but its Lorentz variation is BRST-trivial since

M^{mn}Y_C = 1 2 (Cγ^{mn}θ)δ(Cλ)+ 1 2 (Cθ)(Cγ^{mn}λ)∂δ(Cλ) = Q[ 1 2 (Cγ^{mn}θ)(Cθ)∂δ(Cλ)] . (3.15) So different choices of C_α only change Y_C by a BRST-trivial quantity, and any on-shell amplitude computations involving insertions of Y_C will be Lorentz invariant and spacetime supersymmetric up to possible surface terms. The fact that Lorentz invariance is preserved only up to surface terms is unrelated to the pure spinor constraint, and is caused by the bosonic ghosts not being Lorentz scalars.

One can also construct BRST-invariant operators involving δ(B^{mn}N_{mn}) and δ(J) with the property that their worldsheet derivative is BRST-trivial. These “picture-raising” operators will be called Z_B and Z_J and are defined by

Z_B = 1 2 B_{mn}(λγ^{mn}d)δ(B^{pq}N_{pq}), Z_J = (λ^αd_α)δ(J) , (3.16) where B_{mn} is a constant antisymmetric tensor. To eliminate the need for normal-ordering in Z_B, it will be convenient to choose B_{mn} such that it satisfies

B_{mn}B_{pq}(γ^{mn}γ^p)_α^β = 0 . (3.17)

(To give a concrete example, B_{mn} satisfies (3.17) if its only non-zero components are in the directions B_{13} = iB_{23} = −B_{24} = iB_{14}.) With this choice, (λγ^{mn}d)B_{mn} has no pole with B^{pq}N_{pq}, and therefore (λγ^{mn}d)B_{mn} has no pole with δ(B^{pq}N_{pq}).

Since λ^αd_α has a pole with δ(J), it naively appears that Z_J needs to be regularized. However, λ^αd_α is the BRST current which has no poles anywhere else on the surface. Since Z_J will only be needed on surfaces of non-zero genus, and since any function with a single pole on such surfaces must be a constant function, λ^αd_α has no pole with δ(J) and therefore Z_J does not need to be regularized.

Z_B and Z_J satisfy the properties of picture-changing operators since QZ_B = − 1 4 B_{mn}B_{pq}(λγ^{mn}d)(λγ^{pq}d)∂δ(BN) − 1 2 B_{mn}Π_p(λγ^{mn}γ^pλ)δ(BN) = 0 , (3.18)

QZ_J = (λ_αd^α)(λ_β d^β)∂δ(J) − Π_m(λγ^mλ)δ(J) = 0 , (3.19) ∂Z_B = 1 2 B_{mn}∂(λγ^{mn}d)δ(BN) + 1 2 B_{mn}(λγ^{mn}d)B_{pq}∂N^{pq}∂δ(BN) = Q[B_{pq}∂N^{pq}δ(BN)] , (3.20) ∂Z_J = ∂(λd)δ(J) + (λd)∂J∂δ(J) = Q[−∂Jδ(J)] . (3.21) Furthermore, Z_B and Z_J are manifestly spacetime supersymmetric and the Lorentz transformation of Z_B is BRST-trivial since M^{mn}Z_B = η^{p[m}δ^{n]}_r [ B_{pq}(λγ^{qr}d)δ(BN) + B_{st}(λγ^{st}d)B_{pq}N^{qr}∂δ(BN) ] (3.22) = Q [ 2η^{p[m}δ^{n]}_r B_{pq}N^{qr}δ(BN) ] . (3.23)

So different choices of B_{mn} only change Z_B by a BRST-trivial quantity.

With these picture-changing operators, the pure spinor measure factors of subsection 3.1 can be used to compute arbitrary loop amplitudes with functional integration methods. But before discussing loop amplitudes, it will be useful to show how these functional integration methods reproduce the tree amplitude prescription of subsection 2.3.

– 14 –

3.3 Functional integration computation of tree amplitude

For tree amplitudes, λ^α has eleven zero modes so one needs to insert eleven picture-lowering operators Y_{C1} (y_1) . . . Y_{C11} (y_{11}) into the correlation function where the choices of C_I and y_I for I = 1 to 11 are arbitrary. It will now be shown that functional integration with these insertions reproduces the correct tree amplitude prescription. Using the notation of subsection 2.3, the N-point open string tree amplitude is computed by the correlation function A = ⟨ V_1(z_1)V_2(z_2)V_3(z_3) ∫ dz_4U_4(z_4) . . . ∫ dz_N U_N (z_N ) Y_{C1} (y_1) · · · Y_{C11} (y_{11}) ⟩ , (3.24)

where V and U are the unintegrated and integrated vertex operators and Y_{CI} (y_I ) = C_{Iα}θ^α(y_I )δ(C_I λ(y_I )).

To compare with the prescription of (2.25), it is convenient to fix (z_1, z_2, z_3) at finite points on the worldsheet and to insert all eleven picture-lowering operators at y_I = ∞. With this choice, there are no contributions from the OPE’s of the picture-lowering operators with the N vertex operators. Also, there are no singular OPE’s between the picturelowering operators since δ(C_1λ) has a pole with δ(C_2λ) only when C_{1α} is proportional to C_{2α}, which implies that (C_1θ) has a zero with (C_2θ). After integrating over the non-zero modes of the worldsheet fields, one is left with the expression

A = ⟨λ^αλ^β λ^γ f_{αβγ} (θ)(C_1θ) . . . (C_{11}θ)δ(C_1λ) . . . δ(C_{11}λ)⟩ , (3.25)

where f_{αβγ} (θ) is the same function as in the computation of (2.39). To integrate over the θ^α and λ^α zero modes, use the standard ∫ d^{16}θ measure factor and the pure spinor measure factor of (3.5) to obtain A = ∫ d^{16}θ ∫ [Dλ] λ^αλ^βλ^γ f_{αβγ} (θ)(C_1θ) . . . (C_{11}θ)δ(C_1λ) . . . δ(C_{11}λ) (3.26) = ∫ d^{16}θ(ϵT^{−1})^{((αβγ))}_{[ρ1...ρ11]} ∫ dλ^{ρ1} . . . dλ^{ρ11} f_{αβγ} (θ)(C_1θ) . . . (C_{11}θ)δ(C_1λ) . . . δ(C_{11}λ) .(3.27)

In general, ∫ dλ^{ρ1} . . . dλ^{ρ11} δ(C_1λ) . . . δ(C_{11}λ) (3.28)

is a complicated function of C_I because of the jacobian coming from expressing λ^ρ in terms of (C_I λ). However, since the Lorentz variation of Y_C is BRST-trivial, the amplitude is independent (up to possible surface terms) of the choice of C_I . This implies that if one integrates (3.26) over all possible choices for C_I with a measure factor [DC] satisfying ∫ [DC] = 1, the amplitude is unchanged. Note that (3.26) is manifestly invariant under rescalings of C_I , so C_I can be interpreted as a projective coordinate.

So one can express the amplitude in Lorentz-covariant form as A = (ϵT^{−1})^{((αβγ))}_{[ρ1...ρ11]} ∫ d^{16}θ θ^{κ1} . . . θ^{κ11} f_{αβγ} (θ) × × ∫ [DC] ∫ dλ^{ρ1} . . . dλ^{ρ11} C_{1κ1} . . . C_{11κ11} δ(C_1λ) . . . δ(C_{11}λ) . (3.29)

– 15 –

By Lorentz invariance, ∫ [DC] ∫ dλ^{ρ1} . . . dλ^{ρ11} C_{1κ1} . . . C_{11κ11} δ(C_1λ) . . . δ(C_{11}λ) = cδ^{[ρ1}_{κ1} . . . δ^{ρ11 ]}_{κ11} , (3.30)

where c is a normalization factor which is determined from ∫ [DC] ∫ (C_{1ρ1} dλ^{ρ1} ) . . . (C_{11ρ11} dλ^{ρ11} )δ(C_1λ) · · · δ(C_{11}λ) = 1 . (3.31) So A = c(ϵT^{−1})^{((αβγ))}_{[κ1...κ11]} ∫ d^{16}θ θ^{κ1} . . . θ^{κ11} f_{αβγ} (θ) , (3.32)

which agrees with the tree amplitude prescription of (2.39) up to a constant normalization factor.

Note that the above computation can be easily generalized to correlation functions where the picture-lowering operators are not at y_I = ∞. In this case, one can get factors such as ∂δ(Cλ) from OPE’s between the picture-lowering operators and the vertex operators. However, since the amplitude is guaranteed to be independent of C_I , one can use a similar argument to trivially perform the functional integration over the pure spinor ghosts.

Using Lorentz invariance and symmetry properties, the previous prescription for integrating over λ^α zero modes can be generalized to a prescription for evaluating ⟨f(λ, C_I )⟩ where f(λ, C_I ) = h(λ, C_I ) 11∏ I=1 ∂^{KI} δ(C_I λ) (3.33)

and h(λ, C_I ) is a polynomial depending on λ^α and C_{Iα} as

h(λ, C_I ) = (λ)^{3+∑11I=1 KI} 11∏ I=1 (C_I )^{KI +1}.

The manifestly Lorentz-covariant prescription is ⟨f(λ, C_I )⟩ = ∫ [DC] ∫ [Dλ] f(λ, C_I ) (3.34)

= c^′(ϵT^{−1})^{((αβγ))}_{[ρ1...ρ11]} ∂ ∂λ^α ∂ ∂λ^β ∂ ∂λ^γ ∂ ∂C_{1ρ1} . . . ∂ ∂C_{11ρ11} 11∏ I=1 ( ∂ ∂λ^δ ∂ ∂C_{Iδ} )_{KI} h(λ, C_I ) , where c^′ is a proportionality constant which can be computed as in (3.31).

As will be shown in section 5, similar methods can be used to perform functional integration over the N^{mn} and J zero modes in loop amplitudes. However, before discussing these loop amplitudes, it will be necessary to first construct an appropriate b ghost.

4. Construction of b Ghost

To compute g-loop amplitudes, the usual string theory prescription requires the insertion of (3g − 3) b ghosts of −1 ghost-number which satisfy {Q, b(u)} = T (u) , (4.1)

– 16 – where T is the stress tensor of (2.10). After integrating b(u) with a Beltrami differential μ_P (u) for P = 1 to 3g − 3, the BRST variation of b(u) generates a total derivative with respect to the Teichmuller parameter τ_P associated to the Beltrami differential μ_P . But since w_α can only appear in gauge-invariant combinations of zero ghost number, there are no operators of negative ghost number in the pure spinor formalism, so one cannot construct such a b ghost. Nevertheless, as will now be shown, the picture-raising operator

Z_B = 1 2 B_{mn}(λγ^{mn}d)δ(BN) can be used to construct a suitable substitute for the b ghost in non-zero picture.

Since genus g amplitudes also require 10g insertions of Z_B (z), one can combine (3g −3) insertions of Z_B (z) with the desired insertions of the b(u) ghost and look for a non-local operator ~b_B (u, z) which satisfies {Q,~b_B (u, z)} = T (u)Z_B (z) . (4.2) Note that Z_B carries +1 ghost-number, so ~b_B carries zero ghost number. And (4.2) implies that integrating ~b(u, z) with the Beltrami differential μ_P (u) has the same properties as integrating b(u) with μ_P (u) in the presence of a picture-raising operator Z_B(z).

Using

Z_B(z) = Z_B(u) + ∫_z u dv∂Z_B (v) = Z_B (u) + ∫_z u dv{Q, B_{pq}∂N^{pq}(v)δ(BN(v))} , one can define

~b_B(u, z) = b_B (u) + T (u) ∫_z u dvB_{pq}∂N^{pq}(v)δ(BN(v)) , (4.3) where b_B (u) is a local operator satisfying^{13}

{Q, b_B (u)} = T (u)Z_B (u) . (4.4)

4.1 Chain of operators To construct b_B satisfying (4.4), it is useful to first construct a chain of operators which are related to the stress tensor T through BRST transformations. Although there is no b operator of −1 ghost-number satisfying {Q, b} = T , there is an operator G^α of zero ghost-number satisfying {Q, G^α} = λ^αT . (4.5) The existence of G^α is guaranteed since λ^αT is a BRST-invariant operator of +1 ghost number and +2 conformal weight, and the BRST cohomology at +1 ghost number is non-trivial only at zero conformal weight. One finds that[17]

G^α = 1 2 Π^m(γ_m d)^α − 1 4 N_{mn}(γ^{mn}∂θ)^α − 1 4 J∂θ^α − 1 4 ∂^2θ^α , (4.6)

13A similar picture-raised version of the b ghost appears in the N = 4 topological description of the superstring [39] as the ~G^− generator. Since the pure spinor formalism can be related to the N = 4 topological description through the twistor approach of [40, 41], it would be interesting to try to relate bB with ~G^− using the approach of [40].

– 17 – where the ∂^2θ^α term comes from normal-ordering. Note that if one ignores this normalordering contribution, all terms in G^α carry “engineering dimension” 5/2 where [λ^α, θ^α, x^m, p_α, w_α] are defined to carry engineering dimension [0, 1/2, 1, 3/2, 2]. Furthermore, one can verify that G^α is a primary field of +2 conformal weight.

Since Q(λ^αG^β ) = λ^αλ^βT (4.7)

is symmetric and γ-matrix traceless (i.e. Q(λ^{[α}G^{β]}) = Q(λγ^mG) = 0), cohomology arguments imply there exists an operator H^{αβ} which satisfies

Q(H^{αβ} ) = λ^αG^β + g^{((αβ))} , (4.8)

where g^{((αβ))} is some symmetric γ-matrix traceless operator.^{14} Note that (4.8) only determines H^{αβ} up to the gauge transformation

δH^{αβ} = Ω^{((αβ))} , (4.9)

where Ω^{((αβ))} is any symmetric γ-matrix traceless operator. For example, one can choose Ω^{((αβ))} such that H^{((αβ))} = 0, in which case (4.8) is solved by H^{αβ} = 1 16 γ^{αβ}_m ( N^{mn}Π_n − 1 2 JΠ^m + 2∂Π^m ) + 1 384 γ^{αβ}_{mnp}(dγ^{mnp}d + 24N^{mn}Π^p) , (4.10)

where g^{((αβ))} = −^1_{3840} γ^{αβ}_{mnpqr}(λγ^{mnpqr}G). One can check that H^{αβ} is a primary field of conformal weight +2 and that, if one ignores the normal-ordering term proportional to ∂Π^m, all terms in H^{αβ} carry +3 engineering dimension.^{15}

The next link in the chain of operators is constructed by noting that

Q(λ^αH^{βγ} ) = λ^αλ^β G^γ + λ^αg^{((βγ))} , (4.11)

which implies using similar cohomology arguments as before that there exists an operator K^{αβγ} which satisfies

Q(K^{αβγ} ) = λ^αH^{βγ} + h^{((αβ))γ}_1 + h^{α((βγ))}_2 , (4.12)

where h^{((αβ))γ}

1 is some operator which is symmetric γ-matrix traceless in its first two indices, and h^{α((βγ))}

2 is some operator which is symmetric γ-matrix traceless in its last two indices. Note that (4.12) only determines K^{αβγ} up to the gauge transformation

δK^{αβγ} = Ω^{((αβ))γ}_1 + Ω^{α((βγ))}_2 . (4.13)

From its 7/2 engineering dimension (ignoring normal-ordering terms) and its +2 conformal

14Since (λ^αG^β − λ^{((α}G^{β))}) is a BRST-invariant operator of +1 ghost-number and +2 conformal weight, it is guaranteed that (λ^αG^β −λ^{((α}G^{β))}) = Q(H^{αβ} −H^{((αβ))}) for some H^{αβ} . Defining g^{((αβ))} = −λ^{((α}G^{β))} + Q(H^{((αβ))}), one recovers (4.8).

15It is interesting to note that the [T, G^α, H^{αβ} ] operators closely resemble the [A, B^α, C^{mnp}] constraints of Siegel [34] for quantization of the superparticle and superstring.

– 18 – weight, one can deduce that K^{αβγ} = c^{αβγρ}_{1mn} N^{mn}d_ρ + c^{αβγρ}_2 Jd_ρ + c^{αβγρ}_3 ∂d_ρ , (4.14) however, the coefficients [c^{αβγρ}_{1mn} , c^{αβγρ}_2 , c^{αβγρ}_3 ] have not yet been computed.^{16} Finally, the last link in the chain of operators is constructed by noting that Q(λ^αK^{βγδ}) = λ^αλ^βH^{γδ} + λ^αh^{((βγ))δ}_1 + λ^αh^{β((γδ))}_2 , (4.15) which implies that there exists an operator L^{αβγδ} which satisfies Q(L^{αβγδ} ) = λ^αK^{βγδ} + k^{((αβ))γδ}_1 + k^{α((βγ))δ}_2 + k^{αβ((γδ))}_3 , (4.16) where [k^{((αβ))γδ} 1 , k^{α((βγ))δ} 2 , k^{αβ((γδ))} 3 ] are operators which are symmetric γ-matrix traceless in their first two, middle two, or last two indices. As before, (4.16) only determines L^{αβγδ} up to the gauge transformation δL^{αβγδ} = Ω^{((αβ))γδ} 1 + Ω^{α((βγ))δ}

2 + Ω^{αβ((γδ))}

3 . (4.17) Since L^{αβγδ} carries +4 engineering dimension (ignoring normal-ordering terms) and +2 conformal weight, it has the form L^{αβγδ} = c^{αβγδ}_{4mnpq}N^{mn}N^{pq} + c^{αβγδ}_{5mn} JN^{mn} + c^{αβγδ}_6 JJ + c^{αβγδ}_{7mn} ∂N^{mn} + c^{αβγδ}_8 ∂J , (4.18) where the coefficients in (4.18) have not yet been computed.

To show that L^{αβγδ} is the last link in the chain of operators, note that there are no supersymmetric primary fields of +2 conformal weight which carry engineering dimension greater than four. So if one tries to define an operator M^{αβγδ} satisfying Q(M^{αβγδρ}) = λ^αL^{βγδρ} + l^{((αβ))γδρ}_1 + l^{α((βγ))δρ}_2 + l^{αβ((γδ))ρ}_3 + l^{αβγ((δρ))}_4 (4.19) for some [l^{((αβ))γδρ} 1 , l^{α((βγ))δρ} 2 , l^{αβ((γδ))ρ} 3 , l^{αβγ((δρ))} 4 ], one finds that M^{αβγδρ} must vanish. This implies that λ^αL^{βγδρ} = −l^{((αβ))γδρ} 1 − l^{α((βγ))δρ} 2 − l^{αβ((γδ))ρ} 3 − l^{αβγ((δρ))} 4 , (4.20) which implies that L^{αβγδ} = λ^αS^{βγδ} + s^{((αβ))γδ}_1 + s^{α((βγ))δ}_2 + s^{αβ((γδ))}_3 (4.21) for some S^{βγδ} and [s^{((αβ))γδ}_1 , s^{α((βγ))δ}_2 , s^{αβ((γδ))}_3 ]. For the following subsection, it will be useful to note that (4.21) and (4.16) imply that Q(S^{βγδ} ) = K^{βγδ} + λ^β T^{γδ} + t^{((βγ))δ}_1 + t^{β((γδ))}_2 (4.22) for some [T^{γδ} , t^{((βγ))δ}_1 , t^{β((γδ))}_2 ].

16For this type of computation, it would be very helpful to have a computer code designed to handle manipulations of pure spinors.

– 19 –

Note that S^{βγδ} has ghost-number −1, so it will depend on w_α in combinations which are not invariant under the gauge transformation of (2.4). However, since L^{αβγδ} only involves gauge-invariant combinations of w_α, the change in S^{βγδ} under (2.4) must be of the form δS^{βγδ} = λ^βΣ^{γδ} + ρ^{((βγ))δ}_1 + ρ^{β((γδ))}_2 (4.23) for some [Σ^{γδ}, ρ^{((βγ))δ}_1 , ρ^{β((γδ))}_2 ] in order that the change in S^{βγδ} can be cancelled in (4.21) by shifting δs^{((αβ))γδ} 1 = −λ^αλ^βΣ^{γδ} , δs^{α((βγ))δ}_2 = −λ^αρ^{((βγ))δ}_1 , δs^{αβ((γδ))}_3 = −λ^αρ^{β((γδ))}_2 . (4.24)

4.2 Construction of b_B Since [Q, T Z_B ] = 0 and T Z_B has +1 ghost-number and +2 conformal weight, cohomology arguments^{17} suggest one can find an operator b_B satisfying {Q, b_B } = T Z_B . Although the structure of b_B will be complicated, one can construct b_B iteratively using the operators [T, G^α, H^{αβ} , K^{αβγ} , L^{αβγδ}] of the previous subsection. To construct b_B , first note that

T Z_B = 1 2 T (λBd)δ(BN) = 1 2 {Q, G^α}(Bd)_αδ(BN) (4.25) = 1 2 {Q, (Gγ^{mn}d)B_{mn}δ(BN)} − 1 2 G^α{Q, (Bd)_αδ(BN)} (4.26) = {Q, b^{(1)}_B } − 1 2 G^α [ −(γ^{mn}γ^pλ)_αB_{mn}Π_pδ(BN) − 1 2 (Bd)_α(λBd)∂δ(BN) ] , (4.27)

where b^{(1)}_B = 1 2 (Gγ^{mn}d)B_{mn}δ(BN) , (4.28) (Bd)_α ≡ (γ^{mn}d)_αB_{mn}, (λBd) ≡ (λγ^{mn}d)B_{mn}, and normal-ordering contributions are being ignored.

So one now needs to find an operator b_B − b^{(1)}_B which satisfies { Q, b_B − b^{(1)}_B } = G^α [ 1 2 (γ^{mn}γ^pλ)_αB_{mn}Π_pδ(BN) + 1 4 (Bd)_α(λBd)∂δ(BN) ]

= { Q, H^{βα} [ 1 2 (γ^pγ^{nm})_{βα}Π_pB_{mn}δ(BN) + 1 4 (Bd)_α(Bd)_β ∂δ(BN) ]}

− H^{βα} { Q, 1 2 (γ^pγ^{nm})_{βα}Π_pB_{mn}δ(BN) + 1 4 (Bd)_α(Bd)_β ∂δ(BN) }

= { Q, b^{(2)}_B } − H^{βα} [ 1 2 (γ^pγ^{nm})_{βα}(λγ_p∂θ)B_{mn}δ(BN) + + 1 4 (γ^pγ^{nm})_{βα}Π_pB_{mn}(λBd)∂δ(BN) + + 1 4 (Bd)_{[α}(γ_{mn}γ_p)_{β]}B^{mn}Π^p∂δ(BN) + + 1 8 (Bd)_α(Bd)_β (λBd)∂^2δ(BN) ] , (4.29)

17At zero picture and +1 ghost-number, the BRST cohomology is trivial for states of nonzero conformal weight. It is expected that this is also true at nonzero picture, however, this has not yet been verified.

– 20 – where b^{(2)}_B = H^{βα} [ 1 2 (γ^pγ^{nm})_{βα}Π_pB_{mn}δ(BN) + 1 4 (Bd)_α(Bd)_β ∂δ(BN) ] . (4.30)

One now continues this procedure two more stages to construct b^{(3)}_B using K^{αβγ} , and to construct b^{(4)}_B using L^{αβγδ} and S^{βγδ}. Using the properties of (4.21) and (4.22), one can verify that the procedure stops here and, ignoring normal-ordering contributions,

b_B = b^{(1)}_B + b^{(2)}_B + b^{(3)}_B + b^{(4)}_B , (4.31)

where b^{(1)}_B and b^{(2)}_B are given in (4.28) and (4.30), and

b^{(3)}_B = − 1 2 K^{γβα} [ (γ^pγ^{mn})_{βα}(γ_p∂θ)_γ B_{mn}δ(BN) + 1 2 (γ^pγ^{nm})_{βα}(Bd)_γ × × Π_pB_{mn}∂δ(BN) + 1 2 (γ^pγ^{nm})_{γ[β} (Bd)_{α]}Π_pB_{mn}∂δ(BN) + + 1 4 (Bd)_α(Bd)_β (Bd)_γ ∂^2δ(BN) ] , (4.32)

b^{(4)}_B = − 1 2 S^{γβα}(γ^pγ^{nm})_{βα}(γ_p∂λ)_γ B_{mn}δ(BN) − − 1 4 L^{δγβα} [ ((γ^pγ^{nm})_{βα}(Bd)_{[δ}(γ_p∂θ)_{γ]} − (γ^pγ^{nm})_{γ[β} (Bd)_{α]}(γ_p∂θ)_δ ) B_{mn}∂δ(BN) − − ((γ^sγ^{rq})_{δ[γ} (γ^pγ^{nm})_{β]α} +(γ^sγ^{rq})_{δα}(γ^pγ^{nm})_{γβ} )Π_pB_{mn}Π_sB_{qr}∂δ(BN) − − 1 2 ( (γ^pγ^{nm})_{βα}(Bd)_γ (Bd)_δ + (γ^pγ^{nm})_{γ[β}(Bd)_{α]}(Bd)_δ + + 1 2 (γ^pγ^{nm})_{δ[α}(Bd)_β (Bd)_{γ]} ) Π_pB_{mn}∂^2δ(BN) − − 1 4 (Bd)_α(Bd)_β (Bd)_γ (Bd)_δ∂^3δ(BN) ] . (4.33)

Although b_B of (4.31) is a complicated operator, it has certain simple properties which will be useful to point out. Firstly, b_B is invariant under the gauge transformations of (4.9), (4.13), (4.17) and (4.23) for H^{αβ} , K^{αβγ} , L^{αβγδ} and S^{βγδ}. Secondly, all terms in b_B have +2 conformal weight (where δ(BN) has −1 conformal weight). Thirdly, if one ignores normal-ordering contributions,^{18} all terms in b_B have +4 engineering dimension where [λ^α, θ^α, x^m, d_α, w_α] carry engineering dimension [0,^1_2 , 1,^3_2 , 2] and δ(BN) is defined to carry zero engineering dimension.^{19} Fourthly, all terms in b_B are manifestly spacetime supersymmetric. And finally, although b_B is not Lorentz-invariant, its Lorentz transformation only affects the scattering amplitude by a surface term.

To verify this last statement, note that under Lorentz transformations generated by M^{mn}, (3.22) implies that M^{mn}Z_B = QΛ^{mn}_B where

Λ^{mn}_B = 2η^{p[m}η^{n]}_r B_{pq}N^{qr}δ(BN) . (4.34)

18Since terms coming from normal-ordering carry engineering dimension less than +4, they will not contribute to the scattering amplitudes computed in section 6. However, for more general amplitude computations, one will need to include contributions from the normal-ordering terms in bB .

19Although it might seem more natural to define δ(BN) to carry −2 engineering dimension, it will be more convenient for our purposes to define δ(BN) to be dimensionless.

– 21 –

Since {Q, b_B } = T Z_B , this implies that

M^{mn}b_B = T Λ^{mn}_B + QΩ^{mn}_B

for some Ω^{mn}_B . So using (4.3), M^{mn}~b_B(u, z) = M^{mn}b_B (u) + T (u) ∫_z u dvM^{mn}(B_{pq}∂N^{pq}δ(BN)) (4.35) = T (u)Λ^{mn}_B (u) + QΩ^{mn}_B (u) + T (u) ∫_z u dv∂Λ^{mn}_B (v) (4.36)

= T (u)Λ^{mn}_B (z) + QΩ^{mn}_B (u) . (4.37)

Since T (u)Λ^{mn}_B (z) produces a total derivative with respect to the Teichmuller parameter τ_P associated to the Beltrami differential μ_P (u), the Lorentz variation of b_B only changes the scattering amplitude by a surface term.

5. Multiloop amplitude prescription

Using the picture-changing operators of section 3 and the b_B ghost of section 4, one can give a super-Poincaré covariant prescription for computing N-point g-loop closed superstring scattering amplitudes as A = ∫ d^2τ_1 . . . d^2τ_{3g−3} × (5.1) × ⟨| | | 3g−3∏

P =1 ∫ d^2u_P μ_P (u_P )~b_{BP} (u_P , z_P ) 10g∏ P =3g−2 Z_{BP} (z_P ) g∏ R=1 Z_J (v_R) 11∏ I=1 Y_{CI} (y_I ) | | | 2 ×

× N∏ T =1 ∫ d^2t_T U_T (t_T ) ⟩ , (5.2)

where | |^2 signifies the left-right product, τ_P are the Teichmuller parameters associated to the Beltrami differentials μ_P (u_P ), and U_T (t_T ) are the dimension (1, 1) closed string vertex operators for the N external states. The constant antisymmetric tensors B^{mn}_P in b_{BP} and Z_{BP} will be chosen to satisfy (3.17) and will also be chosen such that B_I = B_{I+10} = . . . = B_{I+10(g−1)} for I = 1 to 10. In other words, there will be ten constant antisymmetric tensors B^{mn}_I , each of which appear in g picture-raising operators or b_B ghosts. One possible choice for these ten tensors is B_{I mn}N^{mn} = δ_{I [ab]}N^{[ab]} where a, b = 1 to 5, [ab] is a tencomponent representation of SU(5), and N^{[ab]} transforms as a 10 representation under the SU(5) subgroup of the (Wick-rotated) Lorentz group SO(10).^{20}

When g = 1, the prescription of (5.1) needs to be modified for the usual reason that genus-one worldsheets are invariant under constant translations, so one of the vertex

20In terms of the U(5)-covariant variables of [14], this choice would imply BI mnN^{mn} = δ_{I [ab]}v^{[ab]}.

– 22 – operators should be unintegrated. The one-loop amplitude prescription is therefore

A = ∫ d^2τ ⟨| | | ∫ d^2uμ(u)~b_{B1} (u, z_1) 10∏ P =2

Z_{BP} (z_P )Z_J (v) 11∏ I=1 Y_{CI} (y_I ) | | | 2 ×

× V_1(t_1) N∏ T =2 ∫ d^2t_T U_T (t_T ) ⟩ , (5.3)

where V_1(t_1) is the unintegrated closed string vertex operator.

As shown in the previous sections, the Lorentz variations of ~b_{BP} , Z_{BP} and Y_{CI} are BRST-trivial, so the prescriptions of (5.1) and (5.3) are Lorentz-invariant up to possible surface terms. Also, all operators in (5.1) and (5.3) are manifestly spacetime supersymmetric except for Y_{CI} , whose supersymmetry variation is BRST-trivial. In section 6, it will be argued that surface terms can be ignored in this formalism because of finiteness properties of the correlation functions. So the amplitude prescriptions of (5.1) and (5.3) are super-Poincaré covariant. This implies that A is independent of the eleven constant spinors C_I and ten constant tensors B_P which appear in the picture-changing operators. As will now be shown, functional integration over the matter fields and pure spinor ghosts can be used to derive manifestly Lorentz-covariant expressions from the amplitude prescriptions of (5.1) and (5.3).

As usual, the functional integration factorizes into partition functions and correlation functions for the different worldsheet variables. However, in the pure spinor formalism, the partition functions for the different worldsheet variables cancel each other out. This is easy to verify since the partition function for the ten bosonic x^μ variables gives a factor of (det ∂_0)^{−5}(det ∂_0)^{−5} where ∂_0 and ∂_0 are the holomorphic and antiholomorphic derivatives acting on fields of zero conformal weight, the partition function for the sixteen fermionic (θ^α, p_α) and (θ^α, p_α) variables gives a factor of (det ∂_0)^{16}(det ∂_0)^{16}, and the partition function for the eleven bosonic (λ^α, w_α) and (λ^α, w_α) variables gives a factor of (det ∂_0)^{−11}(det ∂_0)^{−11}. So to perform the functional integral, one only needs to compute the correlation functions for the matter variables and pure spinor ghosts.

5.1 Correlation function for matter variables

In computing the g-loop correlation functions, one can follow the same general procedure as in the tree amplitude computation of subsection 3.3, but one now needs to take into account the g zero modes of the fields with +1 conformal weight. For example, one can functionally integrate over the (θ^α, p_α) variables by first separating off the zero mode of d_α by writing

d_α(z) = g∑ R=1 d^R_α ω_R(z) + ^d_α(z) , (5.4)

where ω_R are the g holomorphic one-forms and d^R_α are the 16g zero modes of d_α. Since the poles of ^d_α(z) are determined by its OPE’s with the other fields, these OPE’s completely fix the dependence of the correlation function on the location z.

– 23 –

For example, the g-loop analog of the correlation function of (2.26) is given by ⟨d_α(z)Π^m(u)∂θ^β (v)d_γ (w)A_δ (x(y), θ(y))⟩ = = d^R_α ω_R(z)⟨Π^m(u)∂θ^β(v)d_γ (w)A_δ (x(y), θ(y))⟩ + + γ^m_{αρ}F (z, u)⟨∂θ^ρ(u)∂θ^β (v)d_γ (w)A_δ (x(y), θ(y))⟩ + + δ^β_α∂_vF (z, v)⟨Π^m(u)d_γ (w)A_δ (x(y), θ(y))⟩ + + γ^n_{αγ} F (z, w)⟨Π^m(u)∂θ^β(v)Π^n(w)A_δ (x(y), θ(y))⟩ + + F (z, y)⟨Π^m(u)∂θ^β (v)δ_γ (w)D_αA_δ(x(y), θ(y))⟩ , (5.5) where F (z, y) = ∂_z log E(z, y) and E(z, y) is the holomorphic prime form which goes like (z − y) when z approaches y [42, 43].

Using this procedure, one can remove the d_α’s one at a time from the correlation function. After all the d_α’s have been removed, one can replace all remaining θ’s in the correlation function by their zero mode. One then functionally integrates over the 16 θ^α zero modes and the 16g d^R_α zero modes using standard Berezin integration.

Although the functions F (z, y) coming from the ^d_α OPE’s in (5.5) are not singlevalued when either z or y goes around a B-cycle of the genus g surface, the scattering amplitude will be single-valued. This is because when d_α(z) goes around the R^{th} B-cycle, F (z, y) → F (z, y) − 2πiω_R(z), which induces a change in the correlation function of (5.5) by the term −2πiω_R(z)⟨ ∮ dsd_α(s) Π^m(u)∂θ^β (v)d_γ (w)A_δ (x(y), θ(y))⟩ , (5.6)

where the contour integral of s goes around all the other points on the surface. Since d_α is a conserved current, the contour integral can be deformed off the back of the surface, giving no contribution to the scattering amplitude.

And when θ^α(y) goes around the R^{th} B-cycle, F (z, y) → F (z, y)+2πiω_R(z). Since this change in F (z, y) is independent of y and is proportional to ω_R(z), the resulting change in the d_α correlation function can be cancelled by shifting the d^R_α zero mode in (5.4) by a z-independent amount. Since Berezin integration is unchanged by a constant shift of the Grassmann variables, the scattering amplitude is single-valued after integration over the d^R_α zero mode.

After performing functional integration over the (θ^α, p_α) variables in this manner, one can easily perform functional integration over the x^m variables using the standard techniques [42, 43]. For example, the correlation function ⟨ ∏_N r=1 exp(ik · x(u_r)⟩ is equal to = g∏ R=1 ∫ d^{10}P_R | exp(iπP_R · P_S τ_{RS} + 2πi N∑ r=1 k_r · P_R ∫_{ur} dvω_R(v)) ∏ r<s E(u_r, u_s)^{kr ·ks} |^2 , (5.7) where P^m_R is the loop momentum through the R^{th} A-cycle, τ_{RS} is the period matrix, and E(u, v) is the holomorphic prime form.

– 24 –

5.2 Correlation function for the pure spinor ghosts After functionally integrating over the matter variables, one is left with a correlation function depending on the pure spinor ghost operators λ^α, N^{mn} and J. To compute this correlation function, first separate off the g zero modes of N_{mn} by writing

N_{mn}(z) = N^R_{mn}ω_R(z) + ^N_{mn}(z) . (5.8)

Since the singularities of ^N_{mn}(z) are determined from the OPE’s of (2.6), the dependence of the correlation function on z is completely determined.

For example, a g-loop analog of the computation of (2.27) is ⟨N_{mn}(z)N_{pq}(u)λ^α(v)δ(BN(w))δ(Cλ(y))⟩ = = N^R_{mn}ω_R(z)⟨N_{pq}(u)λ^α(v)δ(BN(w))δ(Cλ(y))⟩ + + F (z, u)⟨(η_{p[n}N_{m]q}(u) − η_{q[n}N_{m]p}(u))λ^α(v)δ(BN(w))δ(Cλ(y))⟩ − − 3∂_uF (z, u)⟨η_{q[m}η_{n]p}λ^α(v)δ(BN(w))δ(Cλ(y))⟩ + + 1 2 F (z, v)⟨N_{pq} (u)(γ_{mn}λ(v))^αδ(BN(w))δ(Cλ(y))⟩ + + 2F (z, w)⟨N_{pq} (u)λ^α(v)B_{r[m}N_{n]}^r(w)∂δ(BN(w))δ(Cλ(y))⟩ + + 6∂_wF (z, w)⟨N_{pq} (u)λ^α(v)B_{mn}∂δ(BN(w))δ(Cλ(y))⟩ + + 1 2 F (z, y)⟨N_{pq}(u)λ^α(v)δ(BN(w))(Cγ_{mn} λ(y))∂δ(Cλ(y))⟩ . (5.9) If one counts ∂^Lδ(BN) as containing (−L) N’s, then the number of N’s is decreased after performing this correlation function. So repeating this procedure enough times will eventually give a correlation function with a net zero number of N’s, at which point one can stop. Note that the procedure of separating off the zero mode of N_{mn}(z) must also be used for the N_{mn} appearing in δ(BN). So one needs to include the contribution from

δ(BN(z)) = δ(BN^Rω_R(z) + B ^N(z)) (5.10) = δ(BN^Rω_R(z)) + (B ^N(z))∂δ(BN^Rω_R(z)) + + 1 2 (B ^N(z))^2∂^2δ(BN^Rω_R(z)) + · · · ,

where one uses the OPE of ^N(z) with the other fields to determine the dependence of the correlation function on z.

As in the (θ^α, p_α) correlation function, although F (z, y) is not single-valued when either z or y goes around a B-cycle, the scattering amplitude will be single-valued. When N_{mn}(z) goes around the R^{th} B-cycle, the change in the correlation function of (5.9) is equal to −2πiω_R(z) ⟨(∮ dsN_{mn}(s))N_{pq}(u)λ^α(v)δ(BN(w) ) δ(Cλ(y)) ⟩ , (5.11)

where the contour integral of s goes around all points on the surface. Since N_{mn} is a conserved current, the contour can be deformed off the surface, so this contribution vanishes. And when λ^α(y) goes around a B-cycle, the change in the correlation function is indepen-

– 25 – dent of y and can be cancelled by an appropriate shift of the N^R_{mn} zero modes. So after integrating over the N^R_{mn} zero modes using a shift-invariant measure, this contribution will also vanish.

After removing all the N_{mn}’s from the correlation function and replacing them with N^R_{mn} zero modes, one can follow the same procedure for the J(z)’s in the correlation function. For example, after separating off the g zero modes by writing J(z) = J^Rω_R(z) + ^J(z) , one can use the OPE’s of (2.6) to show that

⟨J(z)δ(J(u))λ^{α1} (v_1) · · · λ^{αM} (v_M )δ(C_1λ(y_1)) · · · δ(C_{11}λ(y_{11}))⟩ = (5.12) = J^Rω_R(z)⟨δ(J(u))λ^{α1} (v_1) · · · λ^{αM} (v_M )δ(C_1λ(y_1)) · · · δ(C_{11}λ(y_{11}))⟩ − − 4∂_uF (z, u)⟨∂δ(J(u))λ^{α1} (v_1) · · · λ^{αM} (v_M )δ(C_1λ(y_1)) · · · δ(C_{11}λ(y_{11}))⟩ + + M∑ Q=1 F (z, v_Q) − 11∑ I=1 F (z, y_I ) + 8∂_z (ln σ(z)) × × ⟨δ(J(u))λ^{α1} (v_1) · · · λ^{αM} (v_M )δ(C_1λ(y_1)) · · · δ(C_{11}λ(y_{11}))⟩ , (5.13)

where the term proportional to 8∂_z (ln σ(z)) comes from OPE’s with the screening charge which is responsible for the ghost-number anomaly. As discussed in [43], σ(z) is a multivalued holomorphic function without zeros or poles which satisfies

∂_z ln σ(z) → ∂_z ln σ(z) + 2πi(g − 1)ω_R(z) (5.14)

when z goes around the R^{th} B-cycle. A convenient representation for ∂_z(ln σ(z)) is [3]

∂_z(ln σ(z)) = g∑ R=1 ∮ A_R dvω_R(v)F (z, v) , (5.15) where F (z, v) = ∂_z ln E(z, v) and E(z, v) is the holomorphic prime form.

One can easily use (5.14) and the ghost-number anomaly to show that (5.12) is invariant when J(z) goes around the R^{th} B cycle.^{21} And when λ^α(v) goes around the R^{th} Bcycle, the change in the correlation function can be cancelled by shifting the zero mode of J^R.

After removing all N’s and J’s from the correlation function and replacing them with N^R_{mn} and J^R zero modes, one can also replace all remaining λ^α’s in the correlation function by their zero mode. As will now be described, one then needs to integrate over the (λ^α, N^R_{mn}, J^R) zero modes using the measure factors defined in subsection 3.1.

5.3 Integral over pure spinor zero modes

After integrating out the non-zero modes of (λ^α, N_{mn}, J), one obtains an expression ⟨f(λ, N_R, J_R, C_I , B_P )⟩ depending only on the zero modes of (λ^α, N^R_{mn}, J^R) and the constant

21Because of the ghost-number anomaly, J is not a conserved current and deforming ∮ dsJ(s) off the surface gives a contribution which is cancelled by (5.14).

– 26 – spinors and tensors C_I and B^{mn}_P . The scattering amplitude is then defined by the integral A = ∫ [Dλ][DN_1] . . . [DN_g]f(λ^α, N^R_{mn}, J^R, C^I , B^P_{mn}) , (5.16) where [Dλ] and [DN] are defined in (3.5) and (3.9).

Using the properties of the measure factors [Dλ] and [DN], one can write A = ∫ [Dλ] g∏ R=1 [DN_R] (5.17)

f = ∫ (d^{11}λ)^{[α1...α11]} g∏ R=1 (d^{11}N_R)^{[[mR1 nR1 ]...[mR10nR10]]} ×

× g∏ R=1 (γ_mR_{1 n}R_{1 m}R_{2 m}R_{3 m}R_4 )^{ρR1 ρR2} (γ_mR_{5 n}R_{5 n}R_{2 m}R_{6 m}R_7 )^{ρR3 ρR4} ×

× (γ_mR_{8 n}R_{8 n}R_{3 n}R_{6 m}R_9 )^{ρR5 ρR6} (γ_mR_{10 n}R_{10n}R_{4 n}R_{7 n}R_9 )^{ρR7 ρR8} × (5.18)

× (ϵT^{−1})^{((β1β2β3))} [α_1...α_{11} ] f((β1β2β3ρ^1...ρ^1_8...ρ^g_1 ...ρ^g_8 ))(λ, NR, JR, CI , BP ) , (5.19) where f = λ^{β1} λ^{β2} λ^{β3} λ^{ρ1} . . . λ^{ρ18} . . . λ^{ρg1} . . . λ^{ρg8} f_{((β1β2β3ρ}1_{...ρ}1_{8...ρ}g_{1 ...ρ}g_{8 ))}(λ, N_R, J_R, C_I , B_P ) . As in the discussion of subsection 3.3 for tree amplitudes, (5.19) is in general a complicated function of the B_P ’s and C_I ’s. However, using the properties of the picture-changing operators and b_B ghost, one knows that the scattering amplitude must be independent of these constant spinors and tensors. One can therefore integrate (5.19) over all choices of B_P and C_I using a measure factor [DB][DC] which satisfies ∫ [DB][DC] = 1. Note that (5.19) is manifestly invariant under rescalings of C_{Iα} and B^{mn}_P , so these constant spinors and tensors can be interpreted as projective variables.

Using arguments similar to those of subsection 3.3, a manifestly Lorentz-covariant prescription will now be given for evaluating ⟨f(λ, N_R, J_R, C_I , B_P )⟩. To be non-vanishing and have ghost-number 8g − 8, f(λ, N_R, J_R, C_I , B_P ) will depend on (λ, N_R, J_R, C_I , B_P ) as

f(λ, N_R, J_R, C_I , B_P ) = (5.20) = h(λ, N_R, J_R, C_I , B_P ) g∏ R=1 ∂^{MR} δ(J_R) 10∏ P =1 g∏ R=1 ∂^{LP,R} δ(B_P N_R) 11∏ I=1 ∂^{KI} (C_I λ) , where h is a polynomial depending on (λ^α, N^R_{mn}, J^R, C_{Iα}, B^{mn}_P ) as

(λ)^{8g−8+∑11I=1(KI +1)} g∏ R=1 (J_R)^{MR} (N_R)^{∑10P =1 LP,R} 10∏ P =1 (B_P )^{∑gR=1(LP,R+1)} 11∏ I=1 (C_I )^{KI +1} . (5.21)

Using Lorentz invariance and symmetry properties, one can argue that A = ∫ [DB][DC] ∫ [Dλ] g∏ R=1 [DN_R]f(λ, N_R, J_R, C_I , B_P )

– 27 –

= c^′ [( ∂ ∂λ γ^{m1n1m2m3m4} ∂ ∂λ ) ( ∂ ∂λ γ^{m5 n5n2m6m7} ∂ ∂λ ) ( ∂ ∂λ γ^{m8n8n3n6m9} ∂ ∂λ ) × × ( ∂ ∂λ γ^{m10 n10n4n7n9} ∂ ∂λ ) ∂ ∂B^{m1n1}_1 . . . ∂ ∂B^{m10 n10} 10 ]_g × × (ϵT^{−1})^{((αβγ))}

[ρ_1...ρ_{11}] ∂ ∂λ^α ∂ ∂λ^β ∂ ∂λ^γ ∂ ∂C_{1ρ1} . . . ∂ ∂C_{11ρ11} × × 11∏ I=1 ( ∂ ∂λ^δ ∂ ∂C_{Iδ} )_{KI 10}∏ P =1 g∏ R=1 ( ∂ ∂B^{pq}_P ∂ ∂N_{Rpq} )_{LP,R} ×

× g∏ R=1 ( ∂ ∂J_R )_{MR} h(λ, N_R, J_R, C_I , B_P ) , (5.22)

where the proportionality constant c^′ can be computed as in (3.31).

So as claimed, the final expression for the scattering amplitude is a manifestly Lorentzcovariant function of the polarizations and momenta of the external states. Although this expression is complicated for arbitrary g-loop amplitudes, it will be shown in the following section how this prescription can be used to prove certain vanishing theorems.

6. Amplitude computations and vanishing theorems

In this section, the amplitude prescription of section 5 will be used to prove certain properties of closed superstring scattering amplitudes involving massless states. In subsection 6.1, the closed superstring vertex operator for Type IIB supergravity states will be reviewed. In subsection 6.2, it will be proven that massless N-point g-loop amplitudes are vanishing whenever N < 4 and g > 0. In subsection 6.3, the four-point massless one-loop amplitude will be computed. And in subsection 6.4, it will be proven that the low-energy limit of the four-point massless amplitude gets no perturbative contributions above one-loop.

6.1 Type IIB supergravity vertex operator

Just as the super-Maxwell states of the open superstring are described by the unintegrated vertex operator V = λ^αA_α(x, θ) satisfying QV = 0 and δV = QΩ, the Type IIB supergravity states of the closed superstring are described by the unintegrated vertex operator V = λ^αλ^β A_{αβ}(x, θ, θ) (6.1) satisfying QV = QV = 0, δV = QΩ + QΩ , (6.2)

where QΩ = QΩ = 0. The equations QV = QV = 0 imply that

D_γ A_{αβ} + D_αA_{γβ} = γ^m_{αγ} A_{mβ} , D_γ A_{αβ} + D_βA_{αγ} = γ^m_{βγ} A_{αm} (6.3)

for some superfields A_{mβ} and A_{αm} where

D_α = ∂ ∂θ^α + 1 2 (γ^mθ)_α∂_m, D_α = ∂ ∂θ^α + 1 2 (γ^mθ)_α∂_m (6.4)

– 28 – are the N = 2 D=10 superspace derivatives. And the gauge transformations δV = QΩ+QΩ where QΩ = QΩ = 0 implies

δA_{αβ} = D_αΩ_β + D_βΩ_α , δA_{mα} = ∂_mΩ_α − D_αΩ_m , δA_{αm} = ∂_mΩ_α − D_αΩ_m , (6.5)

where D_{(α}Ω_{β)} = γ^m_{αβ} Ω_m , D_{(α}Ω_{β)} = γ^m_{αβ}Ω_m .

In components, one can use (6.3) and (6.5) to gauge A_{αβ} (x, θ, θ) to the form A_{αβ} (x, θ, θ) = e^{ik·x} [ h_{mn}(γ^mθ)_α(γ^nθ)_β + ψ^γ_m(γ^mθ)_α(γ^nθ)_β (γ_nθ)_γ + (6.6)

+ ψ^γ_n(γ^mθ)_α(γ_mθ)_γ (γ^nθ)_β + F^{γδ}(γ^mθ)_α(γ_mθ)_γ (γ^nθ)_β (γ_nθ)_δ + · · · ] , where

k^2 = k^mh_{mn} = k^nh_{mn} = k^mψ^α_m = k^n(γ_nψ_m)_α = 0 , k^mψ^α_m = k^n(γ_nψ_m)_α = k_mγ^m_{αγ} F^{γδ} = k_mγ^m_{αδ}F^{γδ} = 0 , (6.7)

and . . . involves products of k^m with h^{mn}, ψ^α_m, ψ^α_m, or F^{αβ}. So A_{αβ}(x, θ, θ) describes the on-shell Type IIB supergravity multiplet where h_{mn} describes the graviton, antisymmetric tensor and dilaton, ψ^α_m and ψ^α_m describe the gravitini and dilatini, and F^{αβ} describe the Ramond-Ramond field strengths. Note that the x-independent part of (6.6) can be interpreted as the left-right product of two super-Maxwell superfields A_α(θ)A_β (θ) where A_α(x, θ) = a_m(γ^mθ) + ξ^γ (γ^mθ)_α(γ_mθ)_γ + · · · and

h_{mn} = a_ma_n , ψ^α_m = a_mξ^α , ψ^α_m = ξ^αa_m , F^{αβ} = ξ^αξ^β .

So one can interpret the unintegrated massless closed superstring vertex operator of (6.1) as the left-right product of two unintegrated massless open superstring vertex operators using the identification λ^αλ^β A_{αβ}(x, θ, θ) = e^{ik·x}λ^αA_α(θ)λ^βA_β(θ) . Just as the integrated open superstring vertex operator U_{open} is related to the unintegrated open superstring vertex operator V_{open} by QU_{open} = ∂V_{open}, the integrated closed superstring vertex operator U_{closed} is related to the unintegrated closed superstring vertex operator V_{closed} by QQU_{closed} = ∂∂V_{closed}. Although one can easily write an explicit expression for the integrated form of the Type IIB supergravity vertex operator [19, 44], it will be more convenient to recognize that it is related to the left-right product of two integrated super-Maxwell vertex operators of (2.24). So the integrated Type IIB supergravity vertex operator can be expressed as

U_{closed} = e^{ik·x} ( ∂θ^αA_α(θ) + Π^mA_m(θ) + d_αW^α(θ) + 1 2 N^{mn}F_{mn}(θ) ) × × ( ∂θ^βA_β(θ) + Π^pA_p(θ) + d_βW^β(θ) + 1 2 N^{pq}F_{pq}(θ) ) . (6.8)

– 29 –

Since the closed string graviton h_{mn} is identified with the product of a_ma_n, the θ = θ = 0 component of F_{mn}(θ)F_{pq}(θ) is identified with the linearized curvature tensor R_{mnpq} = k_{[m}h_{n][q}k_{p]}.

6.2 Non-renormalization theorem In this subsection, the amplitude prescription of section 5 will be used to prove that massless N-point g-loop amplitudes vanish whenever N < 4 and g > 0. For N = 0, this implies vanishing of the cosmological constant; for N = 1, it implies absence of tadpoles; for N = 2, it implies the mass is not renormalized; and for N = 3, it implies the coupling constant is not renormalized. Using the arguments of [4, 30] which were summarized in the introduction, and assuming factorization and the absence of unphysical divergences in the interior of moduli space, these non-renormalization theorems imply that superstring scattering amplitudes are finite order-by-order in perturbation theory.

Although surface terms were ignored in deriving the amplitude prescription of section 5, it is necessary that the proof of the non-renormalization theorem remain valid even if one includes such surface term contributions. Otherwise, there could be divergent surface term contributions which would invalidate the proof. For this reason, one cannot assume Lorentz invariance or spacetime supersymmetry to prove the non-renormalization theorem since the prescription of (5.1) is Lorentz invariant and spacetime supersymmetric only after ignoring the surface terms.

Fortunately, it will be possible to prove the non-renormalization theorem using only the counting of zero modes. Since this type of argument implies the pointwise vanishing of the integrand of the scattering amplitude (as opposed to only implying that the integrated amplitude vanishes), the proof remains valid if one includes the contribution of surface terms.

On a surface of arbitrary genus, one needs 16 zero modes of θ^α and θ^α for the amplitude to be non-vanishing. Since the only operators in (5.1) containing θ^α zero modes^{22} are the eleven Y_C picture-lowering operators and the U_T vertex operators, and since each Y_C contributes a single θ^α zero mode, the U_T vertex operators must contribute at least five θ^α and five θ^α zero modes for the amplitude to be non-vanishing. This immediately implies that zero-point amplitudes vanish.

For one-point amplitudes, conservation of momentum implies that the external state must have momentum k^m = 0. But when k^m = 0, the maximum number of zero modes in the vertex operator is one θ^α and one θ^α coming from the superfield A_{αβ} (θ, θ) = h_{mn}(γ^mθ)_α(γ^nθ)_β . All other components in the superfields appearing in the vertex operators of (6.1) and (6.8) are either fermionic or involve powers of k^m. So all one-point amplitudes vanish.

To prove that massless two and three-point amplitudes vanish for non-zero g, one needs to count the available zero modes of d_α, as well as the zero modes of N_{mn}. On a genus g

22When expressed in terms of the free fields (x^m, θ^α, pα), Π^m and dα contain θ’s without derivatives which naively could contribute θ^α zero modes. But if the supersymmetric OPE’s of (2.14) are used to integrate out the non-zero worldsheet modes, the OPE’s involving Π^m and dα will never produce θ^α zero modes.

– 30 – surface, non-vanishing amplitudes require 16g zero modes of d_α. In addition, the number of N_{mn} zero modes must be at least as large as the number of derivatives acting on the delta functions δ(BN) in the amplitude prescription. Otherwise, integration over the N^{mn} zero modes will trivially vanish.

To prove the N-point g-loop non-renormalization theorem for N = 2 and N = 3, it is useful to distinguish between one-loop amplitudes and multiloop amplitudes. For massless N-point one-loop amplitudes using the prescription of (5.3), there are (N − 1) integrated vertex operators of (6.8), each of which can either provide a d_α zero mode or an N_{mn} zero mode. So one has at most (N − 1 − M) d_α zero modes and M N_{mn} zero modes coming from the vertex operators where M ≤ N − 1. Each of the nine Z_{BP} operators and one Z_J operator can provide a single d_α zero mode, so to get a total of 16 d_α zero modes, b_B must provide at least 16 − (N − 1 − M) − 9 − 1 = 7 − N + M (6.9)

d_α zero modes.

It is easy to verify from (4.31) that b_B can provide a maximum of four d_α zero modes, however, the terms containing four d_α zero modes also contain (−1) N_{mn} zero modes where a derivative acting on δ(BN) counts as a negative N_{mn} zero mode. This fact can easily be derived from the +4 engineering dimension of b_B where [λ^α, θ^α, x^m, d_α, N_{mn}] are defined to carry engineering dimension [0,^1_2 , 1,^3_2 , 2] and ∂^Lδ(BN) is defined to carry engineering dimension −2L. Since (d)^4 carries engineering dimension +6, it can only appear in b_B together with a term such as ∂δ(BN) which carries engineering dimension −2.

So for N ≤ 3 and M = 0, (6.9) implies that the only way to obtain 16 d_α zero modes is if b_B provides at least four d_α zero modes. But in this case, b_B contains (−1) N_{mn} zero modes, so the amplitudes vanish since there are not enough N_{mn} zero modes to absorb the derivatives on δ(BN). And when M > 0, the amplitude vanishes for N ≤ 3 since one needs more than four d_α zero modes to come from b_B .

For multiloop amplitudes, the argument is similar, but one now has N integrated vertex operators instead of (N − 1). So the vertex operators can contribute a maximum of (N − M) d_α zero modes and M N_{mn} zero modes where M ≤ N. And each of the 7g + 3 Z_B and g Z_J operators can provide a single d_α zero mode. So to get a total of 16g d_α zero modes, the (3g − 3) b_B’s must provide at least

16g − (N − M) − (7g + 3) − g = 8g − 3 − N + M (6.10)

d_α zero modes. Since (3g − 3) b_B ’s carry engineering dimension 12g − 12, d_α carries engineering dimension^3_2 , and N_{mn} carries engineering dimension +2, the (3g − 3) b_B ’s can provide a maximum of (8g−8) d_α zero modes with no derivatives of δ(BN), or (8g−8+^4_3 M) d_α zero modes with M derivatives of δ(BN). Since

8g − 8 + 4 3 M < 8g − 3 − N + M (6.11)

whenever M ≤ N ≤ 3, there is no way for the (3g − 3) b_B ’s to provide enough d_α zero modes without providing too many derivatives of δ(BN).

– 31 –

So the N-point multiloop non-renormalization theorem has been proven for N ≤ 3. Note that when N = 4, 8g − 8 + 4 3 M ≥ 8g − 3 − N + M (6.12)

if one chooses M = 3 or M = 4. So four-point multiloop amplitudes do not need to vanish. However, as will be shown in subsection 6.4, one can prove that the low-energy limit of these multiloop amplitudes vanish, which implies that the R^4 term in the effective action gets no perturbative corrections above one loop. But before proving this, it will be useful to see how the four-point one-loop amplitude is reproduced in the pure spinor formalism.

6.3 Massless four-point one-loop amplitude The simplest non-vanishing one-loop amplitude involves four massless particles and can be computed using either the RNS or light-cone GS formalism. Nevertheless, it is interesting to see how this well-known amplitude can be derived from the super-Poincaré covariant prescription of section 5.

As discussed in (6.9), b_B must provide at least (7 − N + M) d_α zero modes for the oneloop amplitude to be non-vanishing where N is the number of external states and M is the number of N_{mn} zero modes coming from the vertex operators. Since b_B carries engineering dimension +4, the only way to satisfy (6.9) when N = 4 is if M = 1 and b_B provides four d_α zero modes. In terms of the operators H^{αβ} , K^{αβγ} and L^{αβγδ} defined in (4.10), (4.14) and (4.18), the only such terms in b_B are 1 4 H^{βα}(Bd)_α(Bd)_β ∂δ(BN) − 1 8 K^{γβα}(Bd)_α(Bd)_β (Bd)_γ ∂^2δ(BN) + + 1 16 L^{δγβα}(Bd)_α(Bd)_β (Bd)_γ (Bd)_δ∂^3δ(BN) , (6.13)

where (Bd)_α = B^{mn}(γ_{mn}d)_α.

Since all d_α and N_{mn} variables are used to absorb zero modes in this correlation function, the functional integral over the (θ^α, p_α) variables and over the pure spinor ghosts only contributes to the four-point one-loop amplitude through the zero-mode integral | | ∫ d^{16}θ ∫ d^{16}d ∫ [Dλ][DN] × × ( 1 1536 γ^{βα}_{mnp}(dγ^{mnp}d)(Bd)_α(Bd)_β ∂δ(BN) − − 1 8 c^{γβαρ}_{1mn} N^{mn}d_ρ(Bd)_α(Bd)_β(Bd)_γ ∂^2δ(BN) + + 1 16 c^{δγβα}_{4mnpq}N^{mn}N^{pq}(Bd)_α(Bd)_β (Bd)_γ (Bd)_δ∂^3δ(BN) ) × × 10∏ P =2 B^{mn}_P (λγ_{mn}d)δ(B_P N)(λd)δ(J) 11∏ I=1 (C_I θ)δ(C_I λ) ×

× λ^αA_{1α}(θ) 4∏ T =2 ( d_αW^α_T (θ) + 1 2 N_{mn}F^{mn}_T (θ) )| |^2 , (6.14)

where the closed superstring vertex operators have been written as the left-right product of open superstring vertex operators as in (6.8).

– 32 –

Integrating over the constant spinors and tensors C_{Iα} and B^{mn}_P and using the formula of (5.22), one finds that the term in (6.14) which is independent of c^{γβαρ}_{1mn} and c^{δγβα}_{4mnpq} is proportional to | | | ∫ d^{16}θ ∫ d^{16}d (ϵT^{−1})^{((κ1κ2κ3}

[ρ_1...ρ_{11}] ×

× (γ^{m1 n1m2m3m4} )^{κ4κ5} (γ^{m5n5n2m6m7} )^{κ6κ7} (γ^{m8n8n3n6m9} )^{κ8κ9} (γ^{m10 n10n4n7n9} )^{κ10κ11))} × × (dγ^{rst}d)γ^{σγ}_{rst}(γ_{pq}d)_σ (γ_{m1n1} d)_γ (γ_{m2n2} d)_{κ2} . . . (γ_{m10 n10} d)_{κ10} d_{κ11} (θ^{ρ1} . . . θ^{ρ11} ) ×

× A_{1κ1} (θ) ( d_αW^α_2 (θ)d_β W^β_3 (θ)F^{pq}_4 (θ) +

+ d_αW^α_3 (θ)d_βW^β_4 (θ)F^{pq}_2 (θ) + d_αW^α_4 (θ)d_βW^β_2 (θ)F^{pq}_3 (θ) )| |^2 , (6.15)

where the proportionality constant will not be determined here. Integrating over the d_α zero modes and performing gamma-matrix manipulations, one finds that this integral is proportional to | | ∫ d^{16}θ(ϵT^{−1})^{((κ1κ2κ3))}

[ρ_1...ρ_{11} ] (θ ρ_1 . . . θρ_{11} )(γ mnpqr)κ_1κ_2 A1κ_3 (θ) × (6.16)

× ((W_2(θ)γ^{mnp}W_3(θ))F^{qr}_4 (θ)+(W_3(θ)γ^{mnp}W_4(θ))F^{qr}_2 (θ)+(W_4(θ)γ^{mnp}W_2(θ))F^{qr}_3 (θ)) | |^2 . The result of (6.16) can be obtained without going through the complicated gammamatrix manipulations by noting that the κ_1κ_2κ_3 indices on (ϵT^{−1})^{((κ1 κ2κ3))}_{[ρ1...ρ11]} (θ^{ρ1} . . . θ^{ρ11} ) need to be contracted with a γ-matrix traceless combination constructed from one A_α, two W^β’s, and one F_{mn}. The only possible such combination is (γ_{mnpqr})_{((κ1κ2} A_{κ3))}(W γ^{pqr}W ) F^{mn}. For this reason, the terms in (6.14) which depend on c^{γβαρ}_{1mn} and c^{δγβα}_{4mnpq} must also give contributions proportional to (6.16) after integration over C_{Iα} and B^{mn}_P .

Finally, one needs to include the correlation function for the x^m variables as in (5.7) which gives the factor ∫ d^{10}P | | |exp(iπP^2τ + 2πi 4∑ T =1

(k_T · P )t_T ) ∏ T <U E(t_T , t_U )^{kT ·kU} | | | 2 = = (Imτ)^{−5} ∏ T <U G(t_T , t_U )^{kT ·kU} , (6.17)

where G(t_T , t_U ) = |E(t_T , t_U )|^2 exp(−2π(Imτ)^{−1}(Imt_T )(Imt_U )).

So up to a constant proportionality factor, the massless four-point one-loop amplitude is A = ∫ d^2τ(Imτ)^{−5} ∫ d^2t_2 ∫ d^2t_3 ∫ d^2t_4 ∏ T <U G(t_T , t_U )^{kT ·kU} × × | | | ∫ d^{16}θ(ϵT^{−1})^{((αβγ))}_{[ρ1...ρ11]}θ^{ρ1} . . . θ^{ρ11} (γ_{mnpqr})_{βγ} A_{1α}(θ) × × ((W_2(θ)γ^{mnp}W_3(θ))F^{qr}_4 (θ) + (W_3(θ)γ^{mnp}W_4(θ))F^{qr}_2 (θ) +

+ (W_4(θ)γ^{mnp}W_2(θ))F^{qr}_3 (θ)) | | |^2 . (6.18)

– 33 –

One can easily check that (6.18) is modular invariant and has a structure similar to the standard expression for the four-point one-loop amplitude. But because of the gauge superfield A_{1α}(θ) in (6.18), A is not manifestly gauge invariant under

δA_{1α}(θ) = D_αΩ_1(θ) . (6.19)

Nevertheless, one can use properties of pure spinors to show that the amplitude is in fact gauge invariant under (6.19). Integrating D_α by parts in the ∫ d^{16}θ integral, one obtains ∫ d^{16}θ(ϵT^{−1})^{((αβγ))}_{[ρ1...ρ11 ]}δA_{1α} [θ^{ρ1} . . . θ^{ρ11} (γ_{mnpqr})_{βγ} (W_2(θ)γ^{mnp}W_3(θ))F^{qr}_4 (θ)] = (6.20) = − ∫ d^{16}θ(ϵT^{−1})^{((αβγ))}_{[ρ1...ρ11]}Ω_1(θ)D_α [θ^{ρ1} . . . θ^{ρ11} (γ_{mnpqr})_{βγ} (W_2(θ)γ^{mnp}W_3(θ))F^{qr}_4 (θ)] = ∫ d^{16}θ(ϵT^{−1})^{((αβγ))}_{[ρ1...ρ11]}Ω_1(θ)(θ^{ρ1} . . . θ^{ρ11} )(γ_{mnpqr})_{βγ} D_α [(W_2(θ)γ^{mnp}W_3(θ))F^{qr}_4 (θ)] ,

where the identity (ϵT^{−1})^{((ρ1 βγ))}_{[ρ1...ρ11 ]} = 0 was used. To compute

(γ_{mnpqr})_{((βγ} D_{α))}[(W_2(θ)γ^{mnp}W_3(θ))F^{qr}_4 (θ)] , (6.21)

note that Bianchi identities imply that D_αW^δ =^1_4 (γ^{st})_α^δF_{st} and D_αF^{qr} = ∂^{[q}(γ^{r]}W )_α. But (γ_r)_{α((β} γ^r_{γ))δ} = 0 implies that

(γ_{mnp}γ_{st})_{δ((α}(γ^{mnpqr})_{βγ))} = 0 and (γ_{mnpqr})_{((βγ} (γ^r)_{α))δ} = 0 ,

so (6.21) vanishes and A is gauge-invariant under (6.19).

Since the four external vertex operators need to provide 5 θ^α and 5 θ^α zero modes in (6.18), this amplitude implies the presence of a one-loop R^4 term in the low-energy effective action. To see this, note that using the left-right product language of (6.8), an R^4 term comes from |F^4|^2. In the A_α(θ), W^α(θ) and F_{mn}(θ) superfields, the F_{mn} field strength is in the component

A_α(θ) = · · · + (θγ^{mnp}θ)(γ_pθ)_αF_{mn} + · · · , (6.22) W^α(θ) = · · · + (γ^{mn}θ)^αF_{mn} + · · · , F_{mn}(θ) = F_{mn} + · · · . (6.23)

So if A_α provides three θ zero modes and each W^α provides one θ zero mode, one obtains an |F^4|^2 term from the vertex operators in (6.18). It should be straightforward to check that the contractions of the Lorentz indices in this |F^4|^2 term agrees with the usual contractions of the one-loop R^4 term in the effective action.

6.4 Absence of multiloop R^4 contributions

Although the four-point massless amplitude is expected to be non-vanishing at all loops, there is a conjecture based on S-duality of the Type IIB effective action that R^4 terms in the low-energy effective action do not get perturbative contributions above one-loop [29]. After

– 34 – much effort, this conjecture was recently verified in the RNS formalism at two loops [7, 5]. As will now be shown, the multiloop prescription of section 5 can be easily used to prove the validity of this S-duality conjecture at all loops.

It was proven using (6.12) that the four-point massless multiloop amplitude vanishes unless at least three of the four integrated vertex operators contribute an N_{mn} zero mode. Since the only operators containing θ zero modes are the eleven picture-lowering operators and the external vertex operators, the functional integral over θ zero modes in the multiloop prescription for the four-point amplitude gives an expression of the form | | | ∫ d^{16}θ(θ)^{11} ( d_αW^α_1 (θ) + 1 2 N_{pq}F^{pq}_1 (θ)

)_4∏

T =2 N_{mn}F^{mn}_T (θ) | | | 2 . (6.24)

Since the external vertex operators must contribute at least 5 θ^α and θ^α zero modes, and since F^{mn} appears in the component expansions of W^α and F^{mn} as in (6.22), one easily sees that there is no way to produce an |F^4|^2 term which would imply an R^4 term in the effective action. In fact, by examining the component expansion of the F_{mn}(θ) and W^α(θ) superfields, one finds that the term with fewest number of spacetime derivatives which contributes 5 θ’s and 5 θ’s is |(∂F )(∂F )F^2|^2, which would imply a ∂^4R^4 contribution to the low-energy effective action.

So it has been proven that there are no multiloop contributions to R^4 terms (or ∂^2R^4 terms) in the low-energy effective action of the superstring. It should be noted that this proof has assumed that the correlation function over x^m does not contribute inverse powers of k^m which could cancel momentum factors coming from the θ integration in (6.24). Although the x^m correlation function does contain poles as a function of k^m when the external vertex operators collide, these poles only contribute to non-local terms in the effective action which involve massless propagators, and are not expected to contribute to local terms in the effective action such as the R^4 term.

Acknowledgments

I would like to thank Sergey Cherkis, Michael Douglas, Michael Green, Warren Siegel, Mario Tonin, Brenno Carlini Vallilo, Herman Verlinde and Edward Witten for useful discussions, CNPq grant 300256/94-9, Pronex 66.2002/1998-9, and FAPESP grant 99/12763-0 for partial financial support, and the Institute of Advanced Studies and Fundação Instituto de Física Teórica for their hospitality.

References

[1] O. Lechtenfeld and A. Parkes, On covariant multiloop superstring amplitudes, Nucl. Phys. B 332 (1990) 39.

[2] E. Verlinde and H. Verlinde, Multiloop calculations in covariant superstring theory, Phys.

Lett. B 192 (1987) 95.

– 35 –

[3] H. Verlinde, The path integral formulation of supersymmetric string theory, PhD Thesis, Univ. of Utrecht, 1988; A note on the integral over fermionic supermoduli, Utrecht Preprint No. THU-87/26, 1987, unpublished.

[4] J.J. Atick, G.W. Moore and A. Sen, Some global issues in string perturbation theory, Nucl.

Phys. B 308 (1988) 1; Catoptric tadpoles, Nucl. Phys. B 307 (1988) 221; J.J. Atick, J.M. Rabin and A. Sen, An ambiguity in fermionic string perturbation theory, Nucl. Phys. B 299 (1988) 279.

[5] E. D’Hoker and D.H. Phong, Two-loop superstrings, I. Main formulas, Phys. Lett. B 529 (2002) 241 [hep-th/0110247]; Two-loop superstrings, II. The chiral measure on moduli space, Nucl. Phys. B 636 (2002) 3 [hep-th/0110283]; Two-loop superstrings, III. Slice independence and absence of ambiguities, Nucl. Phys. B 636 (2002) 61 [hep-th/0111016]; Two-loop superstrings, IV. The cosmological constant and modular forms, Nucl. Phys. B 639 (2002) 129 [hep-th/0111040].

[6] D. Friedan, E.J. Martinec and S.H. Shenker, Conformal invariance, supersymmetry and string theory, Nucl. Phys. B 271 (1986) 93.

[7] R. Jengo and C.J. Zhu, Two loop computation of the four particle amplitude in heterotic string theory, Phys. Lett. B 212 (1988) 313; Explicit modular invariant two-loop superstring amplitude relevant for R^4 , J. High Energy Phys. 06 (1999) 011 [hep-th/9905050]; R. Iengo, Computing the R^4 term at two super-string loops, J. High Energy Phys. 02 (2002) 035 [hep-th/0202058];

Z.J. Zheng, J.B. Wu and C.J. Zhu, Two-loop superstrings in hyperelliptic language, I. The main results, Phys. Lett. B 559 (2003) 89 [hep-th/0212191]; Two-loop superstrings in hyperelliptic language, II. The vanishing of the cosmological constant and the nonrenormalization theorem, Nucl. Phys. B 663 (2003) 79 [hep-th/0212198]; Two-loop superstrings in hyperelliptic language, III. The four-particle amplitude, Nucl. Phys. B 663 (2003) 95 [hep-th/0212219];

W.J. Bao and C.J. Zhu, Comments on two-loop four-particle amplitude in superstring theory, J. High Energy Phys. 05 (2003) 056 [hep-th/0303152].

[8] G.S. Danilov, Finiteness of multi-loop superstring amplitudes, hep-th/9801013; On cruel mistakes in the calculation of multi-loop superstring amplitudes, the ambiguity of the modular integral and the integration over the module space, hep-th/0312177.

[9] M.B. Green and J.H. Schwarz, Superstring interactions, Nucl. Phys. B 218 (1983) 43;

Superstring field theory, Nucl. Phys. B 243 (1984) 475.

[10] S. Mandelstam, Interacting string picture of the Neveu-Schwarz-Ramond model, Nucl. Phys.

B 69 (1974) 77.

[11] S. Mandelstam, Interacting String Picture of the Fermionic String, Prog. Theor. Phys. Suppl.

86 (1986) 163.

[12] J. Greensite and F.R. Klinkhamer, Superstring amplitudes and contact interactions, Nucl.

Phys. B 304 (1988) 108;

M.B. Green and N. Seiberg, Contact interactions in superstring theory, Nucl. Phys. B 299 (1988) 559.

[13] A. Restuccia and J.G. Taylor, The construction of multiloop superstring amplitudes in the light cone gauge, Phys. Rev. D 36 (1987) 489; Light-cone gauge analysis of superstrings, Phys. Rept. 174 (1989) 283.

– 36 –

[14] N. Berkovits, Super-Poincaré covariant quantization of the superstring, J. High Energy Phys.

04 (2000) 018 [hep-th/0001035].

[15] N. Berkovits, ICTP lectures on covariant quantization of the superstring, hep-th/0209059.

[16] N. Berkovits and B.C. Vallilo, Consistency of super-Poincaré covariant superstring tree amplitudes, J. High Energy Phys. 07 (2000) 015 [hep-th/0004171].

[17] N. Berkovits, Relating the RNS and pure spinor formalisms for the superstring, J. High Energy Phys. 08 (2001) 026 [hep-th/0104247].

[18] N. Berkovits, Cohomology in the pure spinor formalism for the superstring, J. High Energy Phys. 09 (2000) 046 [hep-th/0006003];

N. Berkovits and O. Chandía, Lorentz invariance of the pure spinor BRST cohomology for the superstring, Phys. Lett. B 514 (2001) 394 [hep-th/0105149].

[19] N. Berkovits and P.S. Howe, Ten-dimensional supergravity constraints from the pure spinor formalism for the superstring, Nucl. Phys. B 635 (2002) 75 [hep-th/0112160].

[20] O. Chandía and B.C. Vallilo, Conformal invariance of the pure spinor superstring in a curved background, J. High Energy Phys. 04 (2004) 041 [hep-th/0401226].

[21] P.A. Grassi, G. Policastro, M. Porrati and P. Van Nieuwenhuizen, Covariant quantization of superstrings without pure spinor constraints, J. High Energy Phys. 10 (2002) 054 [hep-th/0112162];

P.A. Grassi, G. Policastro and P. van Nieuwenhuizen, The massless spectrum of covariant superstrings, J. High Energy Phys. 11 (2002) 001 [hep-th/0202123]; On the BRST cohomology of superstrings with/without pure spinors, Adv. Theor. Math. Phys. 7 (2003) 499 [hep-th/0206216]; An introduction to the covariant quantization of superstrings, Class. and Quant. Grav. 20 (2003) S395 [hep-th/0302147]; The quantum superstring as a WZNW model, Nucl. Phys. B 676 (2004) 43 [hep-th/0307056]; P.A. Grassi and P. van Nieuwenhuizen, Gauging cosets, hep-th/0403209.

[22] Y. Aisaka and Y. Kazama, A new first class algebra, homological perturbation and extension of pure spinor formalism for superstring, J. High Energy Phys. 02 (2003) 017 [hep-th/0212316]; Operator mapping between rns and extended pure spinor formalisms for superstring, J. High Energy Phys. 08 (2003) 047 [hep-th/0305221]; Relating Green-Schwarz and extended pure spinor formalisms by similarity transformation, J. High Energy Phys. 04 (2004) 070 [hep-th/0404141].

[23] M. Chesterman, Ghost constraints and the covariant quantization of the superparticle in ten dimensions, J. High Energy Phys. 02 (2004) 011 [hep-th/0212261].

[24] M. Chesterman, On the cohomology and inner products of the Berkovits superparticle and superstring, hep-th/0404021.

[25] N. Berkovits and S. Cherkov, in preparation.

[26] P.A. Grassi, G. Policastro and P. van Nieuwenhuizen, Superstrings and WZNW models,

hep-th/0402122.

[27] E. Witten, Interacting field theory of open superstrings, Nucl. Phys. B 276 (1986) 291;

C.R. Preitschopf, C.B. Thorn and S.A. Yost, Superstring field theory, Nucl. Phys. B 337 (1990) 363;

I.Y. Aref’eva, A.S. Koshelev, D.M. Belov and P.B. Medvedev, Tachyon condensation in cubic superstring field theory, Nucl. Phys. B 638 (2002) 3 [hep-th/0011117].

– 37 –

[28] C. Wendt, Scattering amplitudes and contact interactions in Witten’s superstring field theory, Nucl. Phys. B 314 (1989) 209;

I.Y. Arefeva and P.B. Medvedev, Anomalies in Witten’s field theory of the NSR string, Phys. Lett. B 212 (1988) 299;

N. Berkovits, Review of open superstring field theory, hep-th/0105230.

[29] M.B. Green and M. Gutperle, Effects of d-instantons, Nucl. Phys. B 498 (1997) 195 [hep-th/9701093];

M.B. Green and P. Vanhove, D-instantons, strings and M-theory, Phys. Lett. B 408 (1997) 122 [hep-th/9704145];

Z. Bern, L.J. Dixon, D.C. Dunbar, M. Perelstein and J.S. Rozowsky, On the relationship between Yang-Mills theory and gravity and its implication for ultraviolet divergences, Nucl. Phys. B 530 (1998) 401 [hep-th/9802162].

[30] E.J. Martinec, Nonrenormalization theorems and fermionic string finiteness, Phys. Lett. B 171 (1986) 189.

[31] S. Mandelstam, The N loop string amplitude: explicit formulas, finiteness and absence of ambiguities, Phys. Lett. B 277 (1992) 82.

[32] A. Restuccia and J.G. Taylor, Finiteness of type-II superstring amplitudes, Phys. Lett. B 187 (1987) 267;

R. Kallosh and A. Morozov, On vanishing of multiloop contributions to 0, 1, 2, 3 point functions in Green-Schwarz formalism for heterotic string, Phys. Lett. B 207 (1988) 164.

[33] M.J. Bowick and P. Ramond, Covariant Description of Superstrings, Phys. Lett. B 131 (1983) 367.

[34] W. Siegel, Classical superstring mechanics, Nucl. Phys. B 263 (1986) 93.

[35] P.S. Howe, Pure spinors lines in superspace and ten-dimensional supersymmetric theories, Phys. Lett. B 258 (1991) 141.

[36] N. Berkovits and O. Chandía, Massive superstring vertex operator in D = 10 superspace, J.

High Energy Phys. 08 (2002) 040 [hep-th/0204121].

[37] W. Siegel, First quantization and supersymmetric field theories, Stony Brook 1991 Strings and Symmetries Proceedings, 1991.

[38] N. Berkovits, Covariant quantization of the superparticle using pure spinors, J. High Energy Phys. 09 (2001) 016 [hep-th/0105050].

[39] N. Berkovits and C. Vafa, N = 4 topological strings, Nucl. Phys. B 433 (1995) 123 [hep-th/9407190].

[40] M. Matone, L. Mazzucato, I. Oda, D. Sorokin and M. Tonin, The superembedding origin of the berkovits pure spinor covariant quantization of superstrings, Nucl. Phys. B 639 (2002) 182 [hep-th/0206104].

[41] D.P. Sorokin, Superbranes and superembeddings, Phys. Rept. 329 (2000) 1 [hep-th/9906142];

N. Berkovits, The heterotic Green-Schwarz superstring on an N = (2, 0) superworldsheet, Nucl. Phys. B 379 (1992) 96 [hep-th/9201004];

M. Tonin, World sheet supersymmetric formulations of Green-Schwarz superstrings, Phys. Lett. B 266 (1991) 312;

D.P. Sorokin, V.I. Tkach, D.V. Volkov and A.A. Zheltukhin, From the superparticle siegel symmetry to the spinning particle proper time supersymmetry, Phys. Lett. B 216 (1989) 302.

– 38 –

[42] E. D’Hoker and D. Phong, The geometry of string perturbation theory, Rev. Mod. Phys. 60 (1988) 917

[43] E. Verlinde and H. Verlinde, Chiral bosonization, determinants and the string partition function, Nucl. Phys. B 288 (1987) 357.

[44] P.A. Grassi and L. Tamassia, Vertex operators for closed superstrings, J. High Energy Phys.

07 (2004) 071 [hep-th/0405072].

– 39 –